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Abstract
We construct a class of extended shift symmetries for fields of all integer spins in de Sitter
(dS) and anti-de Sitter (AdS) space. These generalize the shift symmetry, galileon symmetry,
and special galileon symmetry of massless scalars in flat space to all symmetric tensor fields
in (A)dS space. These symmetries are parametrized by generalized Killing tensors and exist
for fields with particular discrete masses corresponding to the longitudinal modes of massive
fields in partially massless limits. We construct interactions for scalars that preserve these shift
symmetries, including an extension of the special galileon to (A)dS space, and discuss possible
generalizations to interacting massive higher-spin particles.
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2
1 Introduction
Shift symmetries play a powerful role in diverse areas of physics: they provide a useful classifica-
tion of low-energy effective theories and appear generically in any theory in which an internal or
spacetime symmetry is spontaneously broken. In theories with spontaneously broken symmetries,
masslessness of the Goldstone bosons is protected by symmetries that act like shift symmetries to
leading order in powers of the fields. The avatars of these symmetries in scattering amplitudes are
enhanced soft limits, the prototypical example of which is the Adler zero [1, 2]. Theories with shift
symmetries are also known to enjoy various non-renormalization theorems [3–6].
The simplest example of a shift-symmetric theory is a free massless scalar field in flat space. In
fact, this theory has an infinite number of non-linearly realized symmetries which take the form of
an infinite tower of shifts,1
δφ = c+ cµx
µ + cµ1µ2x
µ1xµ2 + cµ1µ2µ3x
µ1xµ2xµ3 + · · · . (1.1)
Here the cµ1···µk are rank-k symmetric and traceless constant tensors, and x
µ are the Cartesian
spacetime coordinates. We call k the level of the shift symmetry. Interactions generically break
the shift symmetries (1.1); however, certain classes of interactions can preserve subsets of these
symmetries. The symmetries preserved by interaction terms therefore provide a useful organizing
principle for classifying derivatively-coupled effective field theories (EFTs) in flat space [11–16].
The k = 0 shift symmetry is the standard shift by a constant, c. Any interacting theory involving
at least one derivative per field will preserve this symmetry, including ghost-free theories such as
P (X) theories. If we allow for multiple interacting fields, there exist interesting field-dependent
deformations of the constant shift symmetry such that the symmetry generators form a non-abelian
algebra. Field theories invariant under these deformed symmetries are of the non-linear σ-model
type.
The k = 1 shift symmetry underlies the galileon [3, 17]. Any interaction with at least two
derivatives per field preserves this symmetry, but there is also a finite set of interactions, the
galileon interactions, that have fewer than two derivatives per field and are ghost-free,
Ln ∼ φSn−1(∂∂φ) , n = 1, 2, · · · , D + 1 , (1.2)
where Sn are the symmetric polynomials defined in Appendix A. These can be understood as
Wess–Zumino terms for the galileon symmetry [18] and, from the point of view of the S-matrix, as
theories with enhanced soft limits [13, 14, 19].2 In this case, there are again interesting non-abelian
deformations of the symmetries involving field-dependent terms, but here the deformation can be
achieved with a single scalar field. For example, both the Dirac–Born–Infeld (DBI) action and the
1The free scalar also has an infinite number of unbroken symmetries, which form the higher-spin algebra underlying
Vasiliev’s higher-spin theory [7–10]. The shift symmetries studied here are distinct from these.
2Enhanced in this context means that scattering amplitudes vanish more quickly in the soft limit than would
naively be expected from the number of derivatives per field.
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action of the conformal dilaton possess non-abelian symmetries that start linear in the spacetime
coordinates.
For k = 2, any interaction with at least three derivatives per field preserves the symmetry, but the
known interactions invariant under the abelian symmetry all result in higher-derivative equations of
motion. However, there is a unique theory with second-order equations of motion that is invariant
under the following deformed, non-abelian version of the symmetry:
δφ = cµνx
µxν +
1
Λ6
cµν∂
µφ∂νφ, (1.3)
where Λ is the strong coupling scale of the theory. This theory, known as the special galileon [13, 19–
21], has fewer than two derivatives per field and is ghost-free. It is a particular galileon theory made
from all of the interactions of even order in the fields, with fixed relative coefficients. This theory
has no free parameters, other than Λ, and its S-matrix has a soft limit that is even more enhanced
than the regular galileons as a result of the symmetry (1.3). In fact, the theory is completely fixed
by requiring this enhanced soft limit [15, 22].
For k ≥ 3, there is no known way to have ghost-free interactions [11, 12], and there are no on-shell
constructible S-matrices with corresponding enhanced soft limits [13].
In this work, we extend this classification of shift-symmetric EFTs to maximally symmetric
curved spacetimes and to particles with nonzero spin. The de Sitter (dS) and anti-de Sitter (AdS)
space analogues of the flat space shifts, such as (1.1), are transformations that shift (A)dS fields by
polynomials of ambient space coordinates. In (A)dS space, in contrast to flat space, free fields with
such shift symmetries have nonzero masses. For each non-negative integer k, there is a particular
mass for which a given (A)dS field has the analogue of the level-k flat space shift symmetry. For
example, scalar fields with masses given by
m2k = −k(k +D − 1)H2 (1.4)
have the (A)dS analogue of the flat space shift symmetry of level k.
The discrete nature of the mass values (1.4) is reminiscent of the phenomenon of partial mass-
lessness in (A)dS space [23–37], whereby a massive spin-s field develops a gauge invariance for
particular discrete values of its mass. These masses are labelled by an integer, t, called the par-
tially massless (PM) depth, where t ∈ {0, . . . , s− 1} and t = s− 1 corresponds to a massless field.
In fact, there is a relationship between these two sets of discrete masses: if we start with a generic
massive spin-s field and send its mass to the t = 0 PM value, then this massive field will break up
into a PM field and a scalar with a shift symmetry of level k = s− 1. The scalar shift symmetries
then correspond to the PM reducibility parameters, i.e., the global symmetry part of the PM gauge
symmetry.
Scalar fields with the mass values (1.4) appear in a variety of contexts. In the AdS case, these
scalars have positive masses and are unitary. In dS space, although they are tachyonic, scalar fields
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with these particular mass values also belong to unitary representations [38, 39].3 Some aspects of
their quantization are discussed in [40–42], while other features are noted in [43, 44]. The k = 0 case
corresponds to the massless minimally-coupled scalar and has been well studied (see, e.g., [45, 46]),
and the k = 1 case has been studied as a toy model for the conformal mode of the graviton [47, 48].
These scalar tachyons also appear in the context of CFT entanglement entropy [49, 50], and scalars
with negative integer conformal weights play an important role in the constructions of Ref. [51].
As mentioned in [52] and discussed in Appendix D, these scalars are also connected to higher-order
conformal scalars in even dimensions.
In fact, the shift-symmetric scalar fields fit into a larger picture: for particular discrete masses,
free fields with nonzero spin in (A)dS space are also invariant under shifts by certain polynomials
of ambient space coordinates. The presence of these symmetries can similarly be traced to (higher-
depth) PM fields. As we explain, these fields are the longitudinal modes of massive fields as their
masses approach the t > 0 PM values, and the shift symmetries descend from PM reducibility
parameters. We explain how this works for fields of all integer spins.
After classifying these shift symmetries for free bosonic fields in (A)dS space, we consider in-
teractions for (A)dS scalars that preserve the shift symmetries. The goal is to classify interesting
(A)dS EFTs using shift symmetries as an organizing principle, in the same spirit as in flat space.
There are interactions that are invariant under the undeformed symmetries of the free theory for
any value of k, but only for k = 0 and k = 1 are there ghost-free interactions. The k = 0 theories
are P (X) theories in (A)dS space, while the k = 1 theory is the (A)dS galileon [53–55].
For k = 1, 2, the algebra of symmetries underlying these scalar theories can be deformed in a
unique way. The k = 1 deformed algebra is a real form of so(D+2).4 Interacting theories are known
from brane [53–55] and coset [56, 57] constructions that realize symmetry breaking from so(D+ 2)
down to the so(D + 1) isometry algebra of (A)dSD, and we describe the invariant interactions for
a choice of field variables where the symmetry transformation takes a particular form in ambient
space. For k = 2, the deformed algebra is sl(D + 1) and we find in all dimensions a nonlinear
theory that realizes the breaking of this symmetry to the (A)dS isometry algebra. This theory
is the analogue of the special galileon in (A)dS space. It involves a rather intricate structure of
interactions that are fixed by the (A)dS version of the special galileon symmetry. For example, in
3We give a physical argument for their unitarity in dS space in Section 3.5. In terms of representation theory, these
scalars belong to the so-called exceptional series [37]. In CFT language, the conformal primary associated to one of
these bulk tachyonic scalars should correspond to the boundary value of the shift-invariant “curvature” obtained by
taking k + 1 derivatives of the bulk field. It would be interesting to further elucidate the representation theory of
scalar fields belonging to the family (1.4).
4Here and throughout, we write the complexified algebra without specifying the real form, since the particular real
form depends on the spacetime signature, whether we are in dS or AdS space, and on the sign of certain parameters
in the algebras, for example α in (4.9) and (4.13).
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D = 4 it takes the form
1√−gLSG =−
Λ6
H2
(y2 − 8y + 8) (8X2 − 3y3/2√X + y + 12Xy − 3X√y√X + y + 3y2)
15y3(X + y)3/2
− Λ
6
H2
(
5(y − 4)y + 16
10y5/2
− 1
10
)
+
2(y − 4)φ
15Xy5/2
(√
y(2X + 3y)
(X + y)3/2
− 3
)
H2
Λ6
∂µφ∂νφX(1)µν (Π)
+
y − 2
30X2y2
(
2
√
y − 2X
2 + 3Xy + 2y2
(X + y)3/2
)
1
Λ6
∂µφ∂νφX(2)µν (Π)
+
φ
45X2y3/2
(√
y(3X + 2y)
(X + y)3/2
− 2
)
H2
Λ12
∂µφ∂νφX(3)µν (Π),
where
y ≡ 1 + 4H
4
Λ6
φ2, X ≡ H
2
Λ6
(∂φ)2, Πµν ≡ ∇µ∇νφ , (1.5)
and the tensors X
(j)
µν are defined in Appendix A. The highest-derivative terms are those of the
flat space special galileon, but there are highly nontrivial lower-derivative terms suppressed by the
(A)dS radius, including a potential, that are fixed by the symmetry. We expect that this theory
should have similarly compelling properties to the special galileon in flat space.
We begin in Section 2 by describing certain shift symmetries enjoyed by free bosonic fields with
particular discrete masses in maximally symmetric spacetimes. In Section 3, we explain the relation
between these fields and PM fields. We consider interactions in Section 4, focusing on the case of
a single scalar field. We first classify possible deformations of the symmetry algebras of the free
theories and then find interactions invariant under either the undeformed or deformed symmetries.
We conclude in Section 5 and discuss possible generalizations of our results, including interactions
for massive higher-spin particles. We include some technical results and reviews of useful material
in the appendices: the symmetric polynomials and the tensors X
(n)
µν are defined in Appendix A,
the ambient space formalism and some useful embedding coordinates are reviewed in Appendix B,
we describe the construction of scalar interactions using nonlinear realization techniques in Ap-
pendix C, the relation between the shift-symmetric scalars and conformal powers of the Laplacian
is discussed in Appendix D, and we discuss the PM decoupling limits of a massive spin-3 particle
in Appendix E.
Conventions: We denote the spacetime dimension by D and define d ≡ D−1. We use the mostly
plus metric signature convention. We denote the dS space Hubble scale as H, so that the Ricci scalar
is R = D(D − 1)H2 > 0. We denote the AdS space radius by L, so that R = −D(D − 1)/L2 < 0.
We can go between the two cases with the relation H2 ↔ −1/L2. We sometimes use R for the
radius to cover both cases at once, so that R = 1/H for dS space andR = L for AdS space. Though
we phrase things in Lorentzian signature, the theories we consider can be analytically continued
to live on Euclidean spheres or hyperbolic spaces straightforwardly. Tensors are symmetrized and
antisymmetrized with unit weight, e.g., T(µν) =
1
2 (Tµν + Tνµ), T[µν] =
1
2 (Tµν − Tνµ), and (· · · )T
indicates that we take the symmetric fully traceless part of the enclosed indices, e.g., T(µν)T =
6
1
2 (Tµν + Tνµ)− 1DgµνT ρρ. We denote Young projectors by Yr1,r2,r3,..., where the ri label the lengths
of the rows of the corresponding Young diagrams. Our convention for the PM depth is that the
depth, t, labels the number of indices of the PM gauge parameter.
2 Shift symmetries of free fields in (A)dS space
We begin by describing how free bosonic fields in (A)dS space with particular discrete masses enjoy
extended shift symmetries that are polynomials in the ambient space coordinates.
2.1 Scalar fields
First we consider scalar fields. When we extend the free massless scalar action to (A)dS space,
only the constant shift symmetry remains unbroken. However, for each k there is a particular mass
for which the massive (A)dS action is invariant under the analogue of the level-k flat space shift
symmetry.
Consider the action
S =
∫
dDx
√−g
(
−1
2
(∂φ)2 − m
2
k
2
φ2
)
, (2.1)
where
m2k = −k(k +D − 1)H2 . (2.2)
This action has a shift symmetry given by
δφ = K(0), (2.3)
where K(0) is the restriction to (A)dS space of a degree-k homogeneous polynomial of ambient
space coordinates,
K(0) = SA1···AkX
A1 · · ·XAk ∣∣
ρ=R . (2.4)
Here XA(x) is an embedding of (A)dSD into a (D + 1)-dimensional flat ambient space, restriction
to the (A)dS hyperboloid is denoted by |ρ=R, and SA1···Ak is a constant ambient space tensor that
is symmetric and traceless (for more details on the ambient space formalism, see Appendix B).
Associated with φ is an ambient space scalar Φ that has homogeneity degree k and equals φ on the
(A)dS surface, (
XA∂A − k
)
Φ = 0 , φ(x) = Φ(ρ, x)
∣∣
ρ=R , (2.5)
so the shift symmetry (2.3) corresponds to the ambient space transformation
δΦ = SA1···AkX
A1 · · ·XAk . (2.6)
The number of independent components of SA1···Ak is
Nsymm. =
(
D + k
k
)
−
(
D + k − 2
k − 2
)
, (2.7)
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so there are this many independent symmetries for a given k.
Unlike the massless scalar in flat space, which has a symmetry for each value of k, the (A)dS action
(2.1) has the symmetry only for a single value of k. Placing the scalar theory on curved spacetime
therefore splits the infinite number of shift symmetries of the flat space theory. Conversely, in the
flat limit the (A)dS shift symmetry of level k becomes the flat space symmetries with levels ≤ k.
For example, the k = 1 (A)dS symmetry has D+ 1 components, SA, which in the flat limit become
the D galileon symmetries, cµ, and the shift symmetry, c. The k = 2 (A)dS symmetry is described
by the D(D + 3)/2 components of the traceless symmetric tensor, SAB. In the flat limit, these
become the (D+2)(D−1)/2 linear special galileon symmetries, cµν , the D galileon symmetries, cµ,
and the shift symmetry, c. In the general case, the splitting is described by the following branching
rule:
k
T −−−−−→
D+1→D
k
T ⊕ k − 1 T ⊕ · · · ⊕ ⊕ • (2.8)
It is straightforward to verify that the free scalar action (2.1) has the symmetry (2.3). Due to the
tracelessness of the ambient space tensor SA1···Ak , the ambient space transformation (2.6) satisfies
∂A∂
AδΦ = 0. (2.9)
Pulled back to the (A)dS space, this becomes(
+ k(k +D − 1)H2) δφ = 0, (2.10)
which is precisely the Klein–Gordon equation derived from the action (2.1). Since the free action
is quadratic in the field, any solution to the equation of motion is a symmetry of the action.5
As discussed in the introduction, the scalar fields described by (2.1) appear in myriad theoretical
contexts. Despite this, they are tachyonic in dS space and thus one might doubt whether they can
be physical there. However, the naively worrisome growing modes of these fields can be removed
precisely by the shift symmetries discussed in this section. To see this, recall that in the inflationary
slicing of dS space the zero mode of a scalar field of mass m evolves at late times as
φ~q=0(η) ∼ αη∆+ + βη∆− , (2.11)
where ∆± are the two fall-offs defined in terms of the mass through the relation
∆± =
d
2
±
√
d2
2
− m
2
H2
. (2.12)
For the mass values (2.2), the two fall-offs correspond to
∆− = −k, ∆+ = d+ k. (2.13)
5The symmetry transformations in (2.3) are precisely the spherical harmonics on (A)dS space, which are eigen-
functions of the (A)dS Laplacian with eigenvalues equal to minus the mass values (2.2). We could also consider shifts
by other solutions to the free equations of motion. However, as we will see, the spherical harmonics are distinguished
by their connection to PM reducibility parameters and lead to interesting invariant interactions.
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The fact that ∆− is negative is a symptom of the tachyonic mass—at late times (η → 0) the field
is diverging. However, this dangerous zero mode can be removed by a shift transformation. To see
this, we note that the inflationary slicing is given by the embedding (B.15), so that if we perform
a shift (2.3) along the lightcone coordinate (B.18), we find
δφ = S+···+X+ · · ·X+
∣∣
ρ=R ∝ η−k, (2.14)
which has precisely the same time dependence as the growing mode (2.11). This is not completely
satisfactory, because modes with arbitrarily small wave numbers will also seem unstable if we wait
long enough. However, this is an artifact of the inflationary slicing. Going to global coordinates,
there are only a finite number of modes that are sick: modes with spatial angular momentum L ≤ k
are tachyonic.6 However, these are precisely the modes which can be generated or removed by the
symmetries (2.2), so that these scalar fields appear to be healthy.
In the AdS context, these scalars are not tachyonic, but rather correspond to conventional scalar
representations. They lie well above the Breitenlohner–Freedman bound [58] and are therefore uni-
tary. These particular mass values and their associated shift symmetries have not, to our knowledge,
been much studied in AdS space, though we expect that they should play some interesting role in
the AdS/CFT correspondence.
2.2 Symmetric tensor fields
Shift symmetries for fields with spin s ≥ 1 have not been extensively studied, likely because
Goldstone bosons for broken internal symmetries are always scalars.7 However, in certain cases
massive Goldstone-like fields with spin arise in (A)dS space [60] (soft limits for spin-1 theories in
flat space have been studied in [61]). We now discuss how the scalar shift symmetries generalize to
symmetric tensor fields in (A)dS space.
A free spin-s bosonic field of mass m on (A)dSD can be described by a completely symmetric
tensor, φµ1···µs , that obeys the following on-shell equations of motion:(
−H2 [s+D − 2− (s− 1)(s+D − 4)]−m2)φµ1···µs = 0 , ∇νφνµ2···µs = 0 , φννµ3···µs = 0 .
(2.15)
This theory develops a shift symmetry at the following values of the mass:
m2s,k = −(k + 2)(k +D − 3 + 2s)H2 , k = 0, 1, 2, . . . , (s ≥ 1) . (2.16)
The form of the level-k shift symmetry acting on the spin-s field is
δφµ1···µs = K
(k)
µ1···µs , (2.17)
6More properly, they are zero-norm with respect to the Klein–Gordon inner product.
7Additionally, massless Goldstone fields with nonzero spin coming from broken spacetime symmetries are subject
to constraints, see e.g., [59].
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where the tensor on the right-hand side is given by
K
(k)
µ1···µs = SA1···As+k,B1···BsX
A1 · · ·XAs+k ∂X
B1
∂xµ1
· · · ∂X
Bs
∂xµs
∣∣∣∣
ρ=R
. (2.18)
The ambient space tensor SA1···As+k,B1···Bs is a fully traceless, constant tensor with the symmetries
of the following Young tableau:
SA1···As+k,B1···Bs ∈
s+ k
s
T
. (2.19)
Associated with φµ1···µs is an ambient space tensor, ΦA1···As , with homogeneity degree s + k, that
projects to φµ1···µs on the (A)dS surface,
φµ1···µs(x) = ΦA1···As(ρ, x)
∂XA1
∂xµ1
· · · ∂X
As
∂xµs
∣∣∣∣
ρ=R
, (2.20)
so the shift symmetry (2.17) corresponds to the ambient space transformation
δΦB1···Bs = SA1···As+k,B1···BsX
A1 · · ·XAs+k . (2.21)
The tensors (2.18) are the spin-s transverse-traceless spherical harmonics on (A)dS space. They
also correspond to generalized traceless Killing tensors, which are the reducibility parameters for
PM gauge transformations, as discussed in Section 3.3. They solve the free equations of motion
(2.15) with masses (2.16), so shifting by these preserves the massive equations of motion and the
free action. The massive spin-s action for s ≥ 3 also necessarily contains auxiliary fields that vanish
on shell, but these do not transform under the shift symmetry.
2.3 Examples
To be concrete, let us write down a few explicit free actions and their corresponding shift symme-
tries. We focus on fields of spin s = 0, 1, 2, with k = 0. These examples illustrate how the k = 0
shifts correspond to traceless Killing tensors in (A)dS space, as discussed further in Section 3.3.
For s = 0 and k = 0, the free action is just that of a massless scalar field,
S = −1
2
∫
dDx
√−g(∂φ)2 . (2.22)
The shift symmetry is a constant both in ambient space and in (A)dS space, i.e.,
δφ = δΦ = K(0) , (2.23)
where ∂µK
(0) = 0.
For s = 1 and k = 0, the free action is that of a Proca field, φµ, of mass m
2 = −2(D − 1)H2,
S =
∫
dDx
√−g
(
−1
4
(∇µφν −∇νφµ)2 + (D − 1)H2φµφµ
)
. (2.24)
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The transformation of the ambient space vector is given by
δΦB = SABX
A , (2.25)
where SAB is a constant antisymmetric tensor. This projects to the (A)dS space transformation
δφµ = K
(0)
µ , (2.26)
where K
(0)
µ is an (A)dS Killing vector,
∇µK(0)ν +∇νK(0)µ = 0 . (2.27)
There are D(D + 1)/2 such vectors, in agreement with the number of components of SAB.
For s = 2 and k = 0, the free action is that of a Fierz–Pauli massive graviton, φµν , with mass
m2 = −2(D + 1)H2,
S =
∫
dDx
√−g
(
−1
2
∇αφµν∇αφµν +∇αφµν∇νφµα −∇µφαα∇νφµν +
1
2
∇µφαα∇µφνν
+(D − 1)H2
(
φµνφµν − 1
2
φµµφ
ν
ν
)
+ (D + 1)H2(φµνφµν − φµµφνν)
)
. (2.28)
The ambient space transformation is given by
δΦB1B2 = SA1A2,B1B2X
A1XA2 , (2.29)
where SA1A2,B1B2 is a fully traceless, constant tensor with the symmetries of the following Young
tableau:
SA1A2,B1B2 ∈
T
. (2.30)
This projects to the (A)dS space transformation
δφµν = K
(0)
µν , (2.31)
where K
(0)
µν is a traceless (A)dS Killing tensor,
∇µK(0)νλ +∇νK(0)λµ +∇λK(0)µν = 0, K(0)µµ = 0. (2.32)
The number of solutions to (2.32) is [62, 63]
NKT =
(D + 1)(D + 2)(D + 3)(D − 2)
12
, (2.33)
in agreement with the number of independent components of SA1A2,B1B2 .
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2.4 Algebra of linearized symmetries
We have seen that for fields of any integer spin in (A)dS space, there are special values of the mass
for which they develop shift symmetries that are polynomials of the ambient space coordinates.
These are spacetime symmetries, so we would like to explore how these symmetries interact with
the (A)dS isometries. In particular, we would like to compute the algebra of symmetries, involving
both the extended shifts and spacetime Killing symmetries. We do this with an eye towards
constructing deformations of these symmetry algebras.
The (A)dS isometries acting on the ambient space field ΦA1···As take the form
δJABΦA1···As ≡ JABΦA1···As = (XA∂B −XB∂A) ΦA1···As +
s∑
i=1
(JAB) CAi ΦA1...Ai−1CAi+1...As , (2.34)
where (JAB)C D ≡ ηACδBD − ηBCδAD is the Lorentz generator in the vector representation. The
isometries satisfy the commutation relations of the algebra so(D + 1),
[JAB, JCD] = ηACJBD − ηBCJAD + ηBDJAC − ηADJBC . (2.35)
The level-k shift symmetry takes the following form in the ambient space:
δ
SA1···As+k,B1···BsΦC1···Cs ≡ SA1···As+k,B1···BsΦC1···Cs = Y
(T )
s+k,s
[
XA1 · · ·XAs+kδB1(C1 · · · δ
Bs
Cs)T
]
, (2.36)
where Y(T )s+k,s is the Young projector onto the traceless tableau (2.19), which acts on the Ai, Bi
indices. These symmetries are independent of the fields, so they have trivial commutators among
themselves, [
SA1...As+k,B1...Bs , SC1···Cs+k,D1···Ds
]
= 0 . (2.37)
The commutators of the shift generators with the (A)dS isometries are
[
JBC , SA1···A2s+k
]
=
2s+k∑
i=1
(
ηBAiSA1...Ai−1CAi+1...A2s+k − ηCAiSA1...Ai−1BAi+1...A2s+k
)
, (2.38)
which shows that they transform as tensors in (A)dS space. The total symmetry algebra is thus the
semi-direct product of the (A)dS algebra with the abelian algebra of its mixed-symmetry traceless
tensor representation of type (2.19). An interesting question is whether this algebra can be deformed
so that the shift generators no longer commute. In Section 4.1, we study possible deformations of
this algebra in the scalar case, s = 0.
3 Shift symmetries from partially massless fields
Although it is clear that the free theories with particular discrete masses described in Section 2
possess polynomial shift symmetries, the underlying origin and importance of these symmetries may
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be somewhat obscure. Our goal in this section is to elucidate how these symmetries are intimately
connected to the phenomenon of partial masslessness in (A)dS space. As explained below, the shift-
symmetric fields are the longitudinal modes of massive fields when we take various PM limits, with
the shift symmetries arising from the reducibility parameters of the PM gauge transformations.
3.1 Partially massless fields
We first review some facts about PM fields. In contrast to flat space, on (A)dS space there
are representations that are neither strictly massive or massless. These PM fields are fields with
particular values of the mass, m, for which the free action develops a gauge invariance [23–37].
A spin-s field has s PM points, which are labeled by an integer, t, called the PM depth, t ∈
{0, 1, . . . , s− 1}. The mass of a spin-s depth-t PM field is
m¯2s,t = (s− t− 1)(s+ t+D − 4)H2 , (3.1)
so a massless field corresponds to t = s−1. A depth-t PM field possesses a gauge invariance with a
rank-t totally symmetric gauge parameter. This gauge invariance removes the helicity 0, ±1, . . . , ±t
components of the massive field, leaving a field which propagates only the ±(t+1), . . . , ±s helicities.
Combining Eqs. (2.15) and (3.1), the on-shell equations of motion for a PM field of spin-s and
depth-t are [30, 31, 64],(
−H2 [D + s− 2− t(D + t− 3)])φµ1···µs = 0, ∇νφνµ2···µs = 0, φννµ3···µs = 0. (3.2)
The gauge transformation of the PM field is given by
δφµ1···µs = ∇(µt+1∇µt+2 · · · ∇µsξµ1···µt) + . . . , (3.3)
where the ellipses stand for O(H2) terms with fewer derivatives. Explicitly, we can write the full
transformation in the following factorized form [65]:
δφµ1···µs =

Ys
(∏ s−t
2
n=1
[
∇µn∇µn+ s−t2 + (2n− 1)
2H2gµnµn+ s−t2
])
ξµs−t+1···µs , for (s− t) even,
Ys
(∏ s−t−1
2
n=1
[
∇µn∇µn+ s−t−12 + (2n)
2H2gµnµn+ s−t−12
])
∇µs−tξµs−t+1···µs , for (s− t) odd,
(3.4)
where Ys is the Young projector onto the totally symmetric part. The gauge parameter, ξµ1···µt , is
a totally symmetric tensor, which is itself restricted to satisfy the on-shell equations(
+H2 [(s− 1)(D + s− 2)− t]
)
ξµ1···µt = 0, ∇νξνµ2···µt = 0, ξννµ3···µt = 0. (3.5)
3.2 Dual operators
Through the AdS/CFT correspondence, a spin-s field in AdSD corresponds to a spin-s primary
operator in a CFTd with d = D − 1. The mass of the field and the scaling dimension, ∆, of the
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conformal primary are related by
m2L2 =
∆(∆− d), s = 0 ,(∆ + s− 2) (∆− s− d+ 2) , s ≥ 1 . (3.6)
For a given mass, there are two ways to quantize the field in AdS space (that is, assign it a dual
operator). These correspond to the greater and smaller roots of (3.6), ∆±: ∆+ corresponds to the
“standard quantization,” which covers the primaries with ∆ > d/2, and ∆− corresponds to the
“alternate quantization” [66], which covers the primaries with ∆ < d/2.
The unitarity bound appropriate for AdS primary fields is [67–69]
∆ ≥
d−22 , s = 0 ,s+ d− 2, s ≥ 1 . (3.7)
The standard quantization of the PM masses (3.1) corresponds to the conformal dimensions
∆s,t = t+ d− 1 . (3.8)
These violate the bound (3.7), except for the massless cases, t = s− 1, which saturate it.8
A primary state |∆〉i1···is with the conformal dimension (3.8) gives rise to a short multiplet of
the conformal group [70]. In particular, there is a null descendant at the (s− t)th level, of the form
Pi1 . . . Pis−t |∆〉i1···is = 0 . (3.9)
In the language of Ref. [71], this is called a type II shortening. It is precisely these null states that
are dual to fields with shift symmetries in the AdS space.
3.3 Generalized Killing tensors
The shift symmetries of the fields dual to the PM null states descend from the PM reducibility
parameters, which are choices of the gauge parameter for which the gauge transformation vanishes
[72]. The reducibility parameters for a spin-s and depth-t PM field are generalized Killing tensors
of rank t that satisfy an equation with s − t derivatives [32]. We denote these by K(k)µ1···µt , where
k = s− t− 1, in anticipation of their connection with the spinning (A)dS spherical harmonics from
Section 2.
Given the gauge transformation laws (3.4), the reducibility parameters of a depth-t spin-s PM
field must satisfy an equation of the schematic form
∇(µt+1∇µt+2 · · · ∇µt+k+1K(k)µ1···µt) + · · · = 0, (3.10)
8This implies that PM fields are not unitary in AdS space. Conversely, in dS space, the reality condition on the
conformal algebra is different, and PM fields are unitary.
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where + · · · stands for terms with fewer derivatives and corresponding factors of H. Explicitly, the
equation satisfied by the reducibility parameters is
Yk+t+1
∏ k+1
2
n=1
[
∇µn∇µ
n+ k+12
+ (2n− 1)2H2gµnµ
n+ k+12
]
K
(k)
µk+2···µk+t+1 = 0, for k odd,
Yk+t+1
∏ k
2
n=1
[
∇µn∇µn+ k2 + (2n)
2H2gµnµn+ k2
]
∇µk+1K(k)µk+2···µk+t+1 = 0, for k even,
(3.11)
where the symmetric Young projector Yk+t+1 acts on everything to its right. In addition to (3.11),
from the on-shell conditions (3.5) we find that the reducibility parameters must satisfy(
+H2 [(k + t)(k + t+D − 1)− t]
)
K(k)µ1...µt = 0, ∇νK(k)νµ2...µt = 0, K(k)ννµ3...µt = 0. (3.12)
The space of solutions to Eqs. (3.10) and (3.12) is finite dimensional. It is parametrized by precisely
the tensors of the type (2.18),
K
(k)
µ1···µt = KA1···At+k,B1···BtX
A1 · · ·XAt+k ∂X
B1
∂xµ1
· · · ∂X
Bt
∂xµt
, (3.13)
where XA(x) are ambient space coordinates and KA1···At+k,B1···Bt is a fully traceless, constant tensor
with the symmetries of the Young tableau
KA1···At+k,B1···Bt ∈
t+ k
t
T
. (3.14)
For k = 0, the tensors (3.13) are ordinary traceless rank-t Killing tensors on (A)dS, i.e., traceless
symmetric tensors that satisfy the Killing equation,
∇(µt+1K(0)µ1···µt) = 0 , (3.15)
which implies that they are also divergence-less. Taken together, these form the higher-spin algebra
of Vasiliev theory [8–10], and from the boundary perspective these parametrize conformal Killing
tensors which are the global symmetries of the dual free scalar [7]. For k ≥ 1, these are general-
izations of the Killing tensors on (A)dS. Subsets of them form the higher-spin algebras underlying
generalizations of Vasiliev theory containing PM fields [73–77]. Going to the boundary, these
parametrize higher-order conformal Killing tensors of the boundary which are global symmetries
of higher-derivative dual free scalar theories [78–80].
3.4 Branching rules
The shift-symmetric fields introduced in Section 2 can be understood as the decoupled longitudinal
modes of a massive field in the limit that its mass approaches a PM value. This is analogous to
how lower-helicity degrees of freedom are isolated in the massless decoupling limits of theories of
massive vector fields or massive gravity [81]. When the mass of a massive spin-s field approaches
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<latexit sha1_base64="eW3GIZyQVBhaO0rsIZ27shOqyJQ=">AAAB6ni cbZBNS8NAEIYn9avWr6pHL4tF8FQSLehFKHjxWNF+QBvKZrtpl242YXcilNCf4MWDIl79Rd78N27bHLT1hYWHd2bYmTdIpDDout9OYW19Y3OruF3a2d3bP ygfHrVMnGrGmyyWse4E1HApFG+iQMk7ieY0CiRvB+PbWb39xLURsXrEScL9iA6VCAWjaK0Hc3PZL1fcqjsXWQUvhwrkavTLX71BzNKIK2SSGtP13AT9jG oUTPJpqZcanlA2pkPetahoxI2fzVedkjPrDEgYa/sUkrn7eyKjkTGTKLCdEcWRWa7NzP9q3RTDaz8TKkmRK7b4KEwlwZjM7iYDoTlDObFAmRZ2V8JGVFOG Np2SDcFbPnkVWhdVz/J9rVKv5XEU4QRO4Rw8uII63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+CPn8wfPLY1t</latexit><latexit sha1_base64="eW3GIZyQVBhaO0rsIZ27shOqyJQ=">AAAB6ni cbZBNS8NAEIYn9avWr6pHL4tF8FQSLehFKHjxWNF+QBvKZrtpl242YXcilNCf4MWDIl79Rd78N27bHLT1hYWHd2bYmTdIpDDout9OYW19Y3OruF3a2d3bP ygfHrVMnGrGmyyWse4E1HApFG+iQMk7ieY0CiRvB+PbWb39xLURsXrEScL9iA6VCAWjaK0Hc3PZL1fcqjsXWQUvhwrkavTLX71BzNKIK2SSGtP13AT9jG oUTPJpqZcanlA2pkPetahoxI2fzVedkjPrDEgYa/sUkrn7eyKjkTGTKLCdEcWRWa7NzP9q3RTDaz8TKkmRK7b4KEwlwZjM7iYDoTlDObFAmRZ2V8JGVFOG Np2SDcFbPnkVWhdVz/J9rVKv5XEU4QRO4Rw8uII63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+CPn8wfPLY1t</latexit><latexit sha1_base64="eW3GIZyQVBhaO0rsIZ27shOqyJQ=">AAAB6ni cbZBNS8NAEIYn9avWr6pHL4tF8FQSLehFKHjxWNF+QBvKZrtpl242YXcilNCf4MWDIl79Rd78N27bHLT1hYWHd2bYmTdIpDDout9OYW19Y3OruF3a2d3bP ygfHrVMnGrGmyyWse4E1HApFG+iQMk7ieY0CiRvB+PbWb39xLURsXrEScL9iA6VCAWjaK0Hc3PZL1fcqjsXWQUvhwrkavTLX71BzNKIK2SSGtP13AT9jG oUTPJpqZcanlA2pkPetahoxI2fzVedkjPrDEgYa/sUkrn7eyKjkTGTKLCdEcWRWa7NzP9q3RTDaz8TKkmRK7b4KEwlwZjM7iYDoTlDObFAmRZ2V8JGVFOG Np2SDcFbPnkVWhdVz/J9rVKv5XEU4QRO4Rw8uII63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+CPn8wfPLY1t</latexit><latexit sha1_base64="eW3GIZyQVBhaO0rsIZ27shOqyJQ=">AAAB6ni cbZBNS8NAEIYn9avWr6pHL4tF8FQSLehFKHjxWNF+QBvKZrtpl242YXcilNCf4MWDIl79Rd78N27bHLT1hYWHd2bYmTdIpDDout9OYW19Y3OruF3a2d3bP ygfHrVMnGrGmyyWse4E1HApFG+iQMk7ieY0CiRvB+PbWb39xLURsXrEScL9iA6VCAWjaK0Hc3PZL1fcqjsXWQUvhwrkavTLX71BzNKIK2SSGtP13AT9jG oUTPJpqZcanlA2pkPetahoxI2fzVedkjPrDEgYa/sUkrn7eyKjkTGTKLCdEcWRWa7NzP9q3RTDaz8TKkmRK7b4KEwlwZjM7iYDoTlDObFAmRZ2V8JGVFOG Np2SDcFbPnkVWhdVz/J9rVKv5XEU4QRO4Rw8uII63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+CPn8wfPLY1t</latexit>
· · ·<latexit sha1_base64="MQAf7mbLLyt/pg0d45j6UIvfdKI=">AAAB7Xi cbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+Dwq Hp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp0BCxWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6 pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcJGmGPGHLj6JMElRkfjoJheYM5dQCZVrYXQkbU00Z 2oAqNgRv9eR16FzVPcv3jVqzUcRRhjM4h0vw4BqacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+qI48h</latexit><latexit sha1_base64="MQAf7mbLLyt/pg0d45j6UIvfdKI=">AAAB7Xi cbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+Dwq Hp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp0BCxWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6 pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcJGmGPGHLj6JMElRkfjoJheYM5dQCZVrYXQkbU00Z 2oAqNgRv9eR16FzVPcv3jVqzUcRRhjM4h0vw4BqacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+qI48h</latexit><latexit sha1_base64="MQAf7mbLLyt/pg0d45j6UIvfdKI=">AAAB7Xi cbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+Dwq Hp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp0BCxWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6 pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcJGmGPGHLj6JMElRkfjoJheYM5dQCZVrYXQkbU00Z 2oAqNgRv9eR16FzVPcv3jVqzUcRRhjM4h0vw4BqacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+qI48h</latexit><latexit sha1_base64="MQAf7mbLLyt/pg0d45j6UIvfdKI=">AAAB7Xi cbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+Dwq Hp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp0BCxWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6 pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcJGmGPGHLj6JMElRkfjoJheYM5dQCZVrYXQkbU00Z 2oAqNgRv9eR16FzVPcv3jVqzUcRRhjM4h0vw4BqacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+qI48h</latexit>
t = 0
<latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6ni cbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39we FQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/ox oFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZSh TadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit><latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6ni cbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39we FQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/ox oFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZSh TadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit><latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6ni cbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39we FQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/ox oFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZSh TadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit><latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6ni cbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39we FQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/ox oFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZSh TadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit>
t = 1
<latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6ni cbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39we FQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/ox oFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZSh TadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit><latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6ni cbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39we FQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/ox oFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZSh TadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit><latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6ni cbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39we FQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/ox oFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZSh TadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit><latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6ni cbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39we FQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/ox oFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZSh TadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit>
t = 2
<latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6ni cbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39we FQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+Rj UKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilD m07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit><latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6ni cbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39we FQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+Rj UKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilD m07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit><latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6ni cbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39we FQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+Rj UKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilD m07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit><latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6ni cbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39we FQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+Rj UKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilD m07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit>
...
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Figure 1: Masses in dS space in units of H2 (masses in AdS space are the negatives of these, in units of
1/L2). Theories along the (red) diagonal have no apparent symmetry, but the s = 0 case corresponds to
the conformally coupled scalar. Each (blue) square below the diagonal is a PM field labelled by spin s and
depth t. The corresponding longitudinal mode is the theory reflected across the diagonal, and has a shift
symmetry of level k. The parameter k is uniform along diagonal lines in the top half of the square.
the depth-t PM value (3.1), its degrees of freedom split into the PM field and an additional massive
field that we call the longitudinal mode,
(m2, s) −−−−−−→
m2→m¯2s,t
(m¯2s,t, s)⊕ (m2t,k, t) , (3.16)
where k = s− 1− t and the masses of the additional fields are given by
m2t,k =
−k(k +D − 1)H2, t = 0,−(k + 2)(k +D − 3 + 2t)H2, t ≥ 1 . (3.17)
These longitudinal modes have precisely the masses (2.2) and (2.16) at which a spin-t field acquires
a level-k shift symmetry. These masses are illustrated in Figure 1.
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d
<latexit sha1_base64="jf0nGqn fz79afxa8Hl50A5Zc4wU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8 FQSKeix4MVjC7YV2lA2m0m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vL Dy8M8POvEEquDau++2UNja3tnfKu5W9/YPDo+rxSVcnmWLYYYlI1ENAN QousWO4EfiQKqRxILAXTG7n9d4TKs0TeW+mKfoxHUkecUaNtdrhsFpz6 +5CZB28AmpQqDWsfg3ChGUxSsME1brvuanxc6oMZwJnlUGmMaVsQkfYt yhpjNrPF4vOyIV1QhIlyj5pyML9PZHTWOtpHNjOmJqxXq3Nzf9q/cxEN 37OZZoZlGz5UZQJYhIyv5qEXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR16 F7VPcvtRq3ZKOIowxmcwyV4cA1NuIMWdIABwjO8wpvz6Lw4787HsrXkF DOn8EfO5w/DtYza</latexit><latexit sha1_base64="jf0nGqn fz79afxa8Hl50A5Zc4wU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8 FQSKeix4MVjC7YV2lA2m0m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vL Dy8M8POvEEquDau++2UNja3tnfKu5W9/YPDo+rxSVcnmWLYYYlI1ENAN QousWO4EfiQKqRxILAXTG7n9d4TKs0TeW+mKfoxHUkecUaNtdrhsFpz6 +5CZB28AmpQqDWsfg3ChGUxSsME1brvuanxc6oMZwJnlUGmMaVsQkfYt yhpjNrPF4vOyIV1QhIlyj5pyML9PZHTWOtpHNjOmJqxXq3Nzf9q/cxEN 37OZZoZlGz5UZQJYhIyv5qEXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR16 F7VPcvtRq3ZKOIowxmcwyV4cA1NuIMWdIABwjO8wpvz6Lw4787HsrXkF DOn8EfO5w/DtYza</latexit><latexit sha1_base64="jf0nGqn fz79afxa8Hl50A5Zc4wU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8 FQSKeix4MVjC7YV2lA2m0m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vL Dy8M8POvEEquDau++2UNja3tnfKu5W9/YPDo+rxSVcnmWLYYYlI1ENAN QousWO4EfiQKqRxILAXTG7n9d4TKs0TeW+mKfoxHUkecUaNtdrhsFpz6 +5CZB28AmpQqDWsfg3ChGUxSsME1brvuanxc6oMZwJnlUGmMaVsQkfYt yhpjNrPF4vOyIV1QhIlyj5pyML9PZHTWOtpHNjOmJqxXq3Nzf9q/cxEN 37OZZoZlGz5UZQJYhIyv5qEXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR16 F7VPcvtRq3ZKOIowxmcwyV4cA1NuIMWdIABwjO8wpvz6Lw4787HsrXkF DOn8EfO5w/DtYza</latexit><latexit sha1_base64="jf0nGqn fz79afxa8Hl50A5Zc4wU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8 FQSKeix4MVjC7YV2lA2m0m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vL Dy8M8POvEEquDau++2UNja3tnfKu5W9/YPDo+rxSVcnmWLYYYlI1ENAN QousWO4EfiQKqRxILAXTG7n9d4TKs0TeW+mKfoxHUkecUaNtdrhsFpz6 +5CZB28AmpQqDWsfg3ChGUxSsME1brvuanxc6oMZwJnlUGmMaVsQkfYt yhpjNrPF4vOyIV1QhIlyj5pyML9PZHTWOtpHNjOmJqxXq3Nzf9q/cxEN 37OZZoZlGz5UZQJYhIyv5qEXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR16 F7VPcvtRq3ZKOIowxmcwyV4cA1NuIMWdIABwjO8wpvz6Lw4787HsrXkF DOn8EfO5w/DtYza</latexit>
d+ 1
<latexit sha1_base64="8XJGfhm NI8jZI7g0E/MzjsImNQQ=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIg lASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXF h7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegG gWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfw0htUq m7NnYusgldAFQo1B5WvfpiwLEZpmKBa9zw3NX5OleFM4LTczzSmlI3pE HsWJY1R+/l81Sk5t05IokTZJw2Zu78nchprPYkD2xlTM9LLtZn5X62Xm ejGz7lMM4OSLT6KMkFMQmZ3k5ArZEZMLFCmuN2VsBFVlBmbTtmG4C2fv Artq5pn+b5ebdSLOEpwCmdwAR5cQwPuoAktYDCEZ3iFN0c4L86787FoX XOKmRP4I+fzB5nxjUo=</latexit><latexit sha1_base64="8XJGfhm NI8jZI7g0E/MzjsImNQQ=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIg lASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXF h7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegG gWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfw0htUq m7NnYusgldAFQo1B5WvfpiwLEZpmKBa9zw3NX5OleFM4LTczzSmlI3pE HsWJY1R+/l81Sk5t05IokTZJw2Zu78nchprPYkD2xlTM9LLtZn5X62Xm ejGz7lMM4OSLT6KMkFMQmZ3k5ArZEZMLFCmuN2VsBFVlBmbTtmG4C2fv Artq5pn+b5ebdSLOEpwCmdwAR5cQwPuoAktYDCEZ3iFN0c4L86787FoX XOKmRP4I+fzB5nxjUo=</latexit><latexit sha1_base64="8XJGfhm NI8jZI7g0E/MzjsImNQQ=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIg lASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXF h7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegG gWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfw0htUq m7NnYusgldAFQo1B5WvfpiwLEZpmKBa9zw3NX5OleFM4LTczzSmlI3pE HsWJY1R+/l81Sk5t05IokTZJw2Zu78nchprPYkD2xlTM9LLtZn5X62Xm ejGz7lMM4OSLT6KMkFMQmZ3k5ArZEZMLFCmuN2VsBFVlBmbTtmG4C2fv Artq5pn+b5ebdSLOEpwCmdwAR5cQwPuoAktYDCEZ3iFN0c4L86787FoX XOKmRP4I+fzB5nxjUo=</latexit><latexit sha1_base64="8XJGfhm NI8jZI7g0E/MzjsImNQQ=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIg lASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXF h7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegG gWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfw0htUq m7NnYusgldAFQo1B5WvfpiwLEZpmKBa9zw3NX5OleFM4LTczzSmlI3pE HsWJY1R+/l81Sk5t05IokTZJw2Zu78nchprPYkD2xlTM9LLtZn5X62Xm ejGz7lMM4OSLT6KMkFMQmZ3k5ArZEZMLFCmuN2VsBFVlBmbTtmG4C2fv Artq5pn+b5ebdSLOEpwCmdwAR5cQwPuoAktYDCEZ3iFN0c4L86787FoX XOKmRP4I+fzB5nxjUo=</latexit>
t = 0
<latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6 nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOc be0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiC pmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQa M5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit ><latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6 nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOc be0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiC pmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQa M5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit ><latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6 nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOc be0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiC pmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQa M5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit ><latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6 nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOc be0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiC pmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQa M5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit >
t = 1
<latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6 nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOc be0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiC pmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQa M5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit ><latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6 nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOc be0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiC pmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQa M5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit ><latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6 nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOc be0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiC pmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQa M5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit ><latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6 nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOc be0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiC pmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQa M5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit >
t = 2
<latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6 nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOc be0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEF TJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0 JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit ><latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6 nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOc be0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEF TJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0 JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit ><latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6 nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOc be0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEF TJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0 JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit ><latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6 nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOc be0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEF TJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0 JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit >
k
=
1
<latexit sha1_base64="59nhFX0tp2wquFh+pEfe/+zLvHk=">AAAB6nicbZBNS8NAEIYn9avWr6pH L4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0 pEQpG0VoPkxtvUK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGc mqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we/9Y1j</latexit><latexit sha1_base64="59nhFX0tp2wquFh+pEfe/+zLvHk=">AAAB6nicbZBNS8NAEIYn9avWr6pH L4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0 pEQpG0VoPkxtvUK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGc mqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we/9Y1j</latexit><latexit sha1_base64="59nhFX0tp2wquFh+pEfe/+zLvHk=">AAAB6nicbZBNS8NAEIYn9avWr6pH L4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0 pEQpG0VoPkxtvUK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGc mqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we/9Y1j</latexit><latexit sha1_base64="59nhFX0tp2wquFh+pEfe/+zLvHk=">AAAB6nicbZBNS8NAEIYn9avWr6pH L4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0 pEQpG0VoPkxtvUK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGc mqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we/9Y1j</latexit>k
=
2
<latexit sha1_base64="bLaa8bs21OTdHw//6XTRo3H9qVw=">AAAB6nicbZBNS8NAEIYn9avWr6pH L4tF8FSSUtCLUPDisaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lo9mmqAf0ZH kIWfUWOthclMblCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaozcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCaz/jMkkNSrb8KEwFMTGZ302GXCEzY mqBMsXtroSNqaLM2HRKNgRv9eR1aNeqnuX7eqVRz+MowhmcwyV4cAUNuIMmtIDBCJ7hFd4c4bw4787HsrXg5DOn8EfO5w/BeY1k</latexit><latexit sha1_base64="bLaa8bs21OTdHw//6XTRo3H9qVw=">AAAB6nicbZBNS8NAEIYn9avWr6pH L4tF8FSSUtCLUPDisaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lo9mmqAf0ZH kIWfUWOthclMblCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaozcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCaz/jMkkNSrb8KEwFMTGZ302GXCEzY mqBMsXtroSNqaLM2HRKNgRv9eR1aNeqnuX7eqVRz+MowhmcwyV4cAUNuIMmtIDBCJ7hFd4c4bw4787HsrXg5DOn8EfO5w/BeY1k</latexit><latexit sha1_base64="bLaa8bs21OTdHw//6XTRo3H9qVw=">AAAB6nicbZBNS8NAEIYn9avWr6pH L4tF8FSSUtCLUPDisaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lo9mmqAf0ZH kIWfUWOthclMblCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaozcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCaz/jMkkNSrb8KEwFMTGZ302GXCEzY mqBMsXtroSNqaLM2HRKNgRv9eR1aNeqnuX7eqVRz+MowhmcwyV4cAUNuIMmtIDBCJ7hFd4c4bw4787HsrXg5DOn8EfO5w/BeY1k</latexit><latexit sha1_base64="bLaa8bs21OTdHw//6XTRo3H9qVw=">AAAB6nicbZBNS8NAEIYn9avWr6pH L4tF8FSSUtCLUPDisaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lo9mmqAf0ZH kIWfUWOthclMblCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaozcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCaz/jMkkNSrb8KEwFMTGZ302GXCEzY mqBMsXtroSNqaLM2HRKNgRv9eR1aNeqnuX7eqVRz+MowhmcwyV4cAUNuIMmtIDBCJ7hFd4c4bw4787HsrXg5DOn8EfO5w/BeY1k</latexit> k
=
0
<latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pH L4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0 pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGc mqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit><latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pH L4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0 pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGc mqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit><latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pH L4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0 pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGc mqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit><latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pH L4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0 pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGc mqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit>
d+ 2
<latexit sha1_base64="LDfabs3 fGMM8tGvu5nSmYj960uQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFE ISSlIIeC148VrQf0Iay2WzapZtN2J0IpfQnePGgiFd/kTf/jds2B219Y eHhnRl25g1SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ22TZJrxFktkorsBN VwKxVsoUPJuqjmNA8k7wfh2Xu88cW1Eoh5xknI/pkMlIsEoWushvKoNy hW36i5E1sHLoQK5moPyVz9MWBZzhUxSY3qem6I/pRoFk3xW6meGp5SN6 ZD3LCoac+NPF6vOyIV1QhIl2j6FZOH+npjS2JhJHNjOmOLIrNbm5n+1X obRjT8VKs2QK7b8KMokwYTM7yah0JyhnFigTAu7K2EjqilDm07JhuCtn rwO7VrVs3xfrzTqeRxFOINzuAQPrqEBd9CEFjAYwjO8wpsjnRfn3flYt hacfOYU/sj5/AGbdY1L</latexit><latexit sha1_base64="LDfabs3 fGMM8tGvu5nSmYj960uQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFE ISSlIIeC148VrQf0Iay2WzapZtN2J0IpfQnePGgiFd/kTf/jds2B219Y eHhnRl25g1SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ22TZJrxFktkorsBN VwKxVsoUPJuqjmNA8k7wfh2Xu88cW1Eoh5xknI/pkMlIsEoWushvKoNy hW36i5E1sHLoQK5moPyVz9MWBZzhUxSY3qem6I/pRoFk3xW6meGp5SN6 ZD3LCoac+NPF6vOyIV1QhIl2j6FZOH+npjS2JhJHNjOmOLIrNbm5n+1X obRjT8VKs2QK7b8KMokwYTM7yah0JyhnFigTAu7K2EjqilDm07JhuCtn rwO7VrVs3xfrzTqeRxFOINzuAQPrqEBd9CEFjAYwjO8wpsjnRfn3flYt hacfOYU/sj5/AGbdY1L</latexit><latexit sha1_base64="LDfabs3 fGMM8tGvu5nSmYj960uQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFE ISSlIIeC148VrQf0Iay2WzapZtN2J0IpfQnePGgiFd/kTf/jds2B219Y eHhnRl25g1SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ22TZJrxFktkorsBN VwKxVsoUPJuqjmNA8k7wfh2Xu88cW1Eoh5xknI/pkMlIsEoWushvKoNy hW36i5E1sHLoQK5moPyVz9MWBZzhUxSY3qem6I/pRoFk3xW6meGp5SN6 ZD3LCoac+NPF6vOyIV1QhIl2j6FZOH+npjS2JhJHNjOmOLIrNbm5n+1X obRjT8VKs2QK7b8KMokwYTM7yah0JyhnFigTAu7K2EjqilDm07JhuCtn rwO7VrVs3xfrzTqeRxFOINzuAQPrqEBd9CEFjAYwjO8wpsjnRfn3flYt hacfOYU/sj5/AGbdY1L</latexit><latexit sha1_base64="LDfabs3 fGMM8tGvu5nSmYj960uQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFE ISSlIIeC148VrQf0Iay2WzapZtN2J0IpfQnePGgiFd/kTf/jds2B219Y eHhnRl25g1SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ22TZJrxFktkorsBN VwKxVsoUPJuqjmNA8k7wfh2Xu88cW1Eoh5xknI/pkMlIsEoWushvKoNy hW36i5E1sHLoQK5moPyVz9MWBZzhUxSY3qem6I/pRoFk3xW6meGp5SN6 ZD3LCoac+NPF6vOyIV1QhIl2j6FZOH+npjS2JhJHNjOmOLIrNbm5n+1X obRjT8VKs2QK7b8KMokwYTM7yah0JyhnFigTAu7K2EjqilDm07JhuCtn rwO7VrVs3xfrzTqeRxFOINzuAQPrqEBd9CEFjAYwjO8wpsjnRfn3flYt hacfOYU/sj5/AGbdY1L</latexit>
d+ 3
<latexit sha1_base64="JdEmBgU tqRkVgW8IwZrZrSKEhh0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFE ISSaEGPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+s PDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2Aa hRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+u eJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRH WDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/Wz Ux040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn 7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/Oxa C04+cwx/JHz+QOc+Y1M</latexit><latexit sha1_base64="JdEmBgU tqRkVgW8IwZrZrSKEhh0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFE ISSaEGPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+s PDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2Aa hRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+u eJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRH WDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/Wz Ux040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn 7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/Oxa C04+cwx/JHz+QOc+Y1M</latexit><latexit sha1_base64="JdEmBgU tqRkVgW8IwZrZrSKEhh0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFE ISSaEGPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+s PDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2Aa hRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+u eJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRH WDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/Wz Ux040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn 7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/Oxa C04+cwx/JHz+QOc+Y1M</latexit><latexit sha1_base64="JdEmBgU tqRkVgW8IwZrZrSKEhh0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFE ISSaEGPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+s PDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2Aa hRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+u eJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRH WDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/Wz Ux040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn 7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/Oxa C04+cwx/JHz+QOc+Y1M</latexit>
d+ 4
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Figure 2: Conformal dimensions of the PM and shift-symmetric fields. Each (blue) filled circle below the
diagonal line is a PM field and the corresponding shift-symmetric longitudinal mode is the (black) circle
obtained by reflecting about the dotted line ∆ = s + d − 1. The open circles on the dotted line belong to
the same family as the conformally coupled scalar, corresponding to the diagonal squares in Figure 1.
This branching rule can be understood in a straightforward way by appealing to the representa-
tions of the dual CFT in d = D−1 dimensions.9 We label the CFT representations as (∆, s), where
∆ is the scaling dimension of the dual CFT operator given in terms of the mass by the greater root
of (3.6). The branching rule then reads
(∆, s) −−−−−−→
∆→t+d−1
(t+ d− 1, s)⊕ (s+ d− 1, t). (3.18)
The longitudinal module (s+ d− 1, t) is precisely the submodule descended from the state (3.9)—
obtained by taking s − t divergences—which is going null in the PM limit. Note that the state
(s + d − 1, t) is the reflection of the state (t + d − 1, s) about the line ∆ = s + d − 1 in the (s,∆)
plane. This is illustrated in Figure 2.
The longitudinal mode is a massive field that inherits a shift symmetry. This shift symmetry
comes from the reducibility parameters of the PM gauge transformation discussed in Section 3.3.
To illustrate this explicitly, consider the PM limit m2 → 2H2 of a massive spin-2 field in D = 4 dS
9Though we phrase this in terms of AdS representations, identical considerations apply in the dS case.
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space (see [60] for the extension of this limit to interacting massive gravity). The massive spin-2
field, hµν , initially has no gauge symmetry. At m
2 = 2H2, it acquires the t = 0 PM symmetry,
δhµν =
(∇µ∇ν +H2gµν) ξ, (3.19)
which removes its longitudinal scalar degree of freedom. To take the PM limit smoothly in the
action, we must introduce a Stu¨ckelberg scalar φ patterned after the gauge symmetry,
hµν 7→ hµν + 1
H
(∇µ∇ν +H2gµν)φ . (3.20)
Here we have defined the quantity
2 ≡ m2 − 2H2 , (3.21)
so that  = 0 corresponds to the PM value. The normalization in front of φ in (3.20) is chosen to
ensure that φ is canonically normalized in the PM limit
→ 0, H fixed, hµν , φ fixed . (3.22)
In this limit, the free massive spin-2 action becomes a decoupled PM graviton, hµν , and a scalar,
φ, with mass
m2φ = −4H2, (3.23)
as expected from the general branching rule (3.16). The decoupling limit is smooth since before
the limit there are five degrees of freedom in the massive spin-2 field and after the limit there are
four degrees of freedom in the PM graviton and one in the massive scalar.
The scalar φ with the mass (3.23) has the k = 1 shift symmetry. To see the origin of this
shift symmetry, consider the theory after making the Stu¨ckelberg replacement (3.20), which before
taking the PM limit has a Stu¨ckelberg gauge symmetry
δhµν =
(∇µ∇ν +H2gµν)χ, δφ = −Hχ. (3.24)
In the limit (3.22), the gauge variation of the scalar goes to zero and (3.24) becomes the PM gauge
symmetry of the PM graviton. For a generic gauge transformation, we are not free to rescale the
gauge parameter so that a nontrivial δφ survives the PM limit, since otherwise the gauge variation
δhµν would diverge in this limit. There is, however, one exception to this. If χ is a reducibility
parameter,
χ = K(1), with
(∇µ∇ν +H2gµν)K(1) = 0, (3.25)
then the gauge variation δhµν vanishes. We are then free to rescale K
(1) → − 1HK(1) so that δφ
survives the PM limit and (3.24) becomes
δhµν = 0, δφ = K
(1) = SAX
A
∣∣
ρ=R , (3.26)
which is precisely the k = 1 shift symmetry of a scalar. In this way, the reducibility parameters
become global symmetries of the Stu¨ckelberg field Lagrangians. The same argument holds for all
spins and PM limits. In Appendix E, we illustrate this for a massive spin-3 field, showing explicitly
that fields with the expected masses appear in the PM decoupling limits.
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3.5 Unitarity and the Higuchi bound
The relation between the shift-symmetric fields and PM fields gives us some physical insight into
the unitarity of these representations on dS space. Thought of as AdS representations, we can
check directly from (3.7) that all of these fields lie above the unitarity bound. In the dS case, the
question of unitarity is more subtle, but we can consider the PM decoupling limit discussed in this
section. For massive fields on dS space with s ≥ 2, there is a lower bound on the mass in order for
the field to be unitary—the so-called Higuchi bound—which coincides with the t = 0 PM point:
m2 ≥ (s− 1)(s+D − 4)H2, Higuchi bound. (3.27)
Below this mass value, various helicity components become ghosts. The PM fields with t > 0 are
below the Higuchi bound but are unitary because these ghostly components are projected out.
We can now imagine taking the PM decoupling limit starting with a higher-spin field with a
mass in the healthy region above the Higuchi bound. As we approach the t = 0 PM point, the
representation splits into a depth-0 PM field and a scalar field with a shift symmetry of level
k = s− 1. Since we started in the unitary region and the PM field itself is unitary, we expect that
the tachyonic scalar is also a unitary representation, by continuity.10
In order to reach the t > 0 PM points, corresponding to shift-symmetric fields with nonzero spin,
a similar limiting procedure must first pass below the Higuchi bound, so the massive representation
we start with is not unitary. Since the PM points themselves are unitary, in this case continuity
suggests that the decoupled tachyonic fields are not unitary on dS space. In this case, the non-
unitarity is a result of relative signs between the helicity components of the shift-symmetric field.
To summarize, all of the shift-symmetric fields discussed in Section 2 are unitary in AdS space,
while we expect that only the scalar fields are unitary in dS space.
4 Interacting scalars
So far we have only considered shift symmetries of free theories. In this section, we move on to
studying interactions that preserve the shift symmetries. We will consider interactions of a single
scalar field, leaving the interactions of fields with nonzero spin and multiple fields to future work.
We first look for possible deformations of the symmetry algebras that might be realized by scalar
field theories. We then look for theories realizing either the undeformed or deformed symmetry
algebras. For k = 1 and k = 2, we find interesting interacting examples, including the (A)dS
analogue of the special galileon.
10Note that if we take the t = 0 decoupling limit from below the Higuchi bound, the theory we start with is
non-unitary, but this manifests as an overall sign flip of the scalar mode in the decoupling limit, which is consistent
with the scalars being unitary.
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4.1 Deformed symmetry algebras
We start by reconsidering the symmetry algebras formed by the generators of shift symmetries
and (A)dS isometries. Interactions can be classified according to whether or not they deform the
symmetry algebra of the free theory. In the undeformed case, we call the theories, in a slight abuse
of the term, abelian, otherwise we call them non-abelian.
The (A)dS isometries always takes the same ambient space form, (2.34), regardless of interactions.
Specialized to scalars, the transformation is
δJABΦ ≡ JABΦ = XA∂BΦ−XB∂AΦ . (4.1)
It can be checked that these satisfy the so(D + 1) commutation relations,
[JAB, JCD] = ηACJBD − ηBCJAD + ηBDJAC − ηADJBC . (4.2)
In contrast, the traceless shift symmetries acting on the scalar may acquire additional field-
dependent terms in the presence of interactions, schematically of the form
δSA1···AkΦ ≡ SA1···AkΦ = X(A1 · · ·XAk)T +O (Φ) , (4.3)
where the additional terms are constrained to have the same homogeneity degree as Φ. These
additional terms can deform the abelian algebra of the free theory into a non-abelian algebra. The
commutators between the JAB and the SA1···Ak are fixed because SA1···Ak is an so(D + 1) tensor,
[JBC , SA1···Ak ] =
k∑
i=1
(
ηBAiSA1...Ai−1CAi+1...Ak − ηCAiSA1...Ai−1BAi+1...Ak
)
. (4.4)
This leaves only the commutators between SA1···Ak to be determined. There is only one term
consistent with both the symmetries and trace conditions of this commutator, assuming there are
no additional generators,11
[SA1...Ak , S
B1...Bk ] = αk!2
b k−12 c∑
n=0
anη(A1A2η
(B1B2 . . . ηA2n−1A2nη
B2n−1B2nδ
B2n+1
A2n+1
. . . δ
Bk−1
Ak−1 J
Bk)
Ak)
.
(4.5)
The an are functions of D and k that are fixed by the tracelessness conditions and can be determined
recursively by
an+1 = −an (k − 2n− 1)(k − 2n− 2)
2(D + 2k − 2n− 4)(n+ 1) , (4.6)
with a0 = 1.
11Naively, when k is even there could also be terms on the right-hand side of this commutator proportional to
SA1...AiBi+1...Bk , but these turn out to be incompatible with the antisymmetry and trace conditions. Such terms are
allowed for general higher-spin algebras.
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This alone is not enough to guarantee the algebra exists, since we also have to check that the
Jacobi identities are satisfied. A nontrivial identity is[
SA(k),
[
SB(k), SC(k)
]]
+
[
SB(k),
[
SC(k), SA(k)
]]
+
[
SC(k),
[
SA(k), SB(k)
]]
= 0 , (4.7)
where we have used the condensed index notation, A(k) ≡ A1 · · ·Ak. Using (4.5) and (4.4), the
first term is given schematically by
[SA(k), [SB(k), SC(k)]] ∼ α
b k−12 c∑
n=0
an(ηBB)
n(ηCC)
n(ηBC)
k−2n−1(ηCASBA(k−1) − ηBASCA(k−1)) , (4.8)
where each index type is to be separately symmetrized. Permuting the indices gives the other two
terms in (4.7). For k > 2, the sum in (4.8) contains terms with n > 0 that, due to their index
structure, cannot cancel against other terms in (4.7), so the Jacobi identities can only be satisfied
if α = 0. This implies that the k > 2 abelian algebras cannot be deformed without introducing
additional particles, at least in generic dimensions. There could still be algebras with k > 2 that
exist only in specific dimensions due to dimension-dependent identities, e.g., as in [82]. Additionally,
in D ≤ 3 there is the possibility of parity-violating terms in the algebras, but we do not consider
such cases.
For k ≤ 2, we can check explicitly that all of the Jacobi identities are satisfied for any value of
α, so deformations of the algebra can exist. We next discuss each of these cases.
4.1.1 k = 0 algebra
When k = 0, the generator S is a scalar and hence always commutes with itself, just as in the free
theory. The symmetry algebra is simply so(D + 1)⊕ u(1) and there are no non-abelian extensions
without introducing additional generators. It is straightforward to write down theories in (A)dS
space realizing this algebra. Any interactions where at least one derivative appears on each field
will be invariant, which includes ghost-free theories such as P (X) theories. The tadpole term is
also invariant and is a Wess–Zumino term for this shift symmetry.
4.1.2 k = 1 algebra
When k = 1, the commutator (4.5) is given by
[SA, SB] = αJAB . (4.9)
In the abelian theory, α = 0, the algebra is iso(D+ 1), with SA playing the role of the translations.
We can therefore think of the abelian k = 1 scalar as the Goldstone field for the symmetry breaking
pattern
iso(D + 1) −→ so(D + 1) . (4.10)
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In Section 4.2 we describe nonlinear interactions which realize this symmetry algebra.
For α 6= 0, the algebra is so(D + 2). This can be seen by grouping JAB and SA into a (D + 2)-
dimensional antisymmetric matrix with SA along the first row and column. We can therefore think
of scalar fields invariant under this deformed algebra as realizing the symmetry breaking
so(D + 2) −→ so(D + 1) . (4.11)
The algebra (4.9) can be realized on a spin-0 field by the ambient space transformation
δSAΦ ≡ SAΦ = XA + αΦ∂AΦ. (4.12)
In Section 4.2 we construct interactions with second-order equations of motion that are invariant
under this transformation and discuss other ways of realizing the symmetry breaking (4.11).
4.1.3 k = 2 algebra
When k = 2, the commutator (4.5) is given by
[SA1A2 , SB1B2 ] = α (ηA1B1JA2B2 + ηA2B1JA1B2 + ηA1B2JA2B1 + ηA2B2JA1B1) . (4.13)
When α 6= 0, we can combine the generators into a matrix
MAB ≡ −1
2
JAB ± i
2
√
α
SAB, (4.14)
where the tracelessness of SAB implies that η
ABMAB = 0. The commutators written in terms of
MAB are
[MAB,MCD] = ηBCMAD − ηADMCB, (4.15)
which are the commutators of sl(D + 1). In a scalar theory realizing this symmetry algebra, the
JAB are linearly realized and the shift symmetries SAB are non-linearly realized, so we may think
of the scalar field as the Goldstone field for the symmetry breaking
sl(D + 1) −→ so(D + 1). (4.16)
This nonlinear symmetry can be realized on a spin-0 field by the ambient space transformation
δSABΦ ≡ SABΦ = X(AXB)T + α∂(AΦ∂B)TΦ, (4.17)
which is just the flat space special galileon transformation [20]. In Section 4.3.2, we present the
unique ghost-free (A)dS theory invariant under the transformation (4.17), which is the curved space
analogue of the special galileon.
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4.2 k = 1 interactions
Now that we have the possible symmetry algebras that a k = 1 scalar can realize, we look for invari-
ant interactions. In this case, the theories have been considered before in the literature in slightly
different contexts. These scalar fields can be thought of as Goldstone degrees of freedom associ-
ated with the nonlinearly realized symmetries, and can be constructed in a systematic way using
nonlinear realization techniques. In Appendix C, we employ this method to construct interactions
for the abelian k = 1 and k = 2 scalars.
4.2.1 Abelian interactions
We first look for a scalar theory that realizes the k = 1 abelian symmetry algebra. In this case, the
shift symmetries commute and act on the ambient space field as
δΦ = SAX
A. (4.18)
By acting on the scalar with two ambient space derivatives and projecting using the rules outlined
in Appendix B, we get the invariant “curvature” tensor
∂A∂BΦ Φ(1)µν =
(∇µ∇ν +H2gµν)φ. (4.19)
We can construct invariant interactions by forming scalars from this tensor.
Since the tensor Φ
(1)
µν has a term with two derivatives, most interactions lead to higher-derivative
equations of motion and ghosts. There are, however, a set of D+1 terms that are ghost free. These
are the (A)dS galileons, which were discovered in [53–55] and appear in the PM decoupling limit of
massive gravity [60]. They are listed in Eqs. (C.25) and (C.32). In Appendix C, we perform a coset
construction of the (A)dS galileons, showing that D of them are constructible from the invariant
tensor (4.19). The last interaction is a Wess–Zumino term, which cannot be written solely in terms
of Φ
(1)
µν . Another realization of the symmetry breaking pattern (4.10) comes from considering a dS
brane in a flat bulk [53, 54]. This theory should be related to the (A)dS galileons by a (possibly
nonlocal) field redefinition.12
4.2.2 Non-abelian interactions
We now consider interactions that are invariant under the non-abelian k = 1 algebra, so(D + 2).
This algebra can be realized on a scalar field through the ambient space transformation
δΦ = SAX
A +
1
ΛD
SAΦ∂
AΦ. (4.20)
12This is because both theories realize the same symmetry breaking pattern. It is expected that theories of
Goldstone bosons are essentially unique and that all nonlinear realizations of the same symmetries with the same
degrees of freedom are equivalent. This has been proven in the case of internal symmetries [83, 84], but remains
conjectural in the case of spacetime symmetries.
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This is the same as (4.12) but with α now written in terms of the dimension-ful scale Λ, which is
not to be confused with the cosmological constant. In D dimensions there are D + 1 ghost-free
interactions invariant under (4.20), the nth of which can be written as13
Ln√−g =
D−1∑
j=0
D−j∑
m=1
cj,m,nφ¯
m−1
(φ¯2 − 1)D/2+1
[
(j + 2)f˜j,m
(
X
φ¯2 − 1
)
− (j + 1)f˜j+1,m−1
(
X
φ¯2 − 1
)]
∂µφ∂νφX(j)µν (Π)
+ ΛDVn(φ¯), (4.21)
where
φ¯ ≡ − iHφ
ΛD/2
, X ≡ ∂µφ∂
µφ
ΛD
, (4.22)
and
f˜j,m(x) ≡ 2F1
(
j + 1
2
,
j +m+ 2
2
;
j + 3
2
;x
)
, (4.23)
cj,m,n ≡
iD+m+1(j +m− 1) ((−1)m+n+j − 1)Γ (D+42 )Γ( j+m+22 ) (2− j −m)j−1
HjΛDj/2D(D − 1)(j + 2)! Γ
(
j+m
2
)
Γ
(
j+m−n+3
2
)
Γ
(
D−j−m+n+3
2
)
(2−D)j−1
. (4.24)
The tensors X
(j)
µν are defined in Appendix A and depend on the matrix Πµν ≡ ∇µ∇νφ. The
potentials can be written as
Vn(φ¯) = −
∫
dφ¯
D+1∑
m=1
c−1,m,n
φ¯m−1
(φ¯2 − 1)D/2+1 . (4.25)
The general Lagrangian is
L =
D+1∑
n=1
anLn, (4.26)
where an are real constants. To canonically normalize the kinetic term we set a2 = D and to
remove the tadpole term we set a1 = 0.
The Lagrangians (4.21) are written for a particular choice of field variables in which the symmetry
transformation takes a particularly simple form in embedding space. There are, however alternative
choices where the final invariant actions take a simpler form, at the price of complicating the ambient
space field transformation. In particular, the symmetry breaking pattern (4.11) has been considered
previously in [57, 85] for different reasons. The construction in this case is most simply phrased
directly in the physical (A)dS space. The scalar field is taken to transform as
δφ =
1
D
∇µξµ + ξµ∂µφ, (4.27)
13To find these interactions, we started with a general ansatz with second-order equations of motion, constructed
with a judicious choice of variables. We then imposed order by order the subset of symmetries (4.20) for a field
depending only on the Poincare´ coordinates (η, x1), up to a very high order, and then we resummed the result.
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where ξµ are the conformal Killing vectors of (A)dS space.14 Although this transformation realizes
the same algebra as (4.20), it is not of the form of a deformed ambient space polynomial and the
invariant interactions differ from (4.21). To find interactions invariant under (4.27), we can define
an object R¯µν that transforms like a tensor under this transformation,
R¯µν = (D − 1)H2gµν − (D − 2)∇µ∇νφ− gµνφ+ (D − 2)∂µφ∂νφ− (D − 2)gµν(∂φ)2, (4.28)
where gµν is the (A)dS metric. Invariant interactions are then obtained as scalars built out of R¯µν
and the metric g¯µν = e
2φgµν , for which R¯µν is the Ricci curvature. For example, one invariant
interaction is given by the Lagrangian
L = √−g¯ (−R¯+ (D − 1)(D − 2)H2) , (4.29)
which results in the expected mass m2 = −DH2. There is also a Wess–Zumino term that cannot be
constructed from these covariant building blocks and whose explicit form is given in [57], along with
the details of the coset construction. There is also a DBI presentation of this symmetry breaking
pattern [53, 54]. It seems likely that there are field transformations that link these different forms,
as in flat space [86, 87].
4.3 k = 2 interactions
We now consider interactions for a k = 2 scalar. Similar to k = 1, there exist abelian interactions
built from a shift-invariant curvature. We also find a theory that realizes the non-abelian extension
of the k = 2 symmetry algebra, which is a curved space version of the special galileon.
4.3.1 Abelian interactions
We first consider theories that nonlinearly realize the abelian symmetry algebra, where the SAB
generators commute. The symmetries act on the ambient space scalar as
δΦ = SABX
AXB. (4.30)
Using ambient space, we can construct the following invariant tensors:
∂A∂B∂CΦ Φ(2)µνρ =
(∇(µ∇ν∇ρ) + 4H2g(µν∇ρ))φ, (4.31)
∂A∂
AΦ Φ(2) =
(
+ 2(D + 1)H2
)
φ. (4.32)
These tensors are invariant under the restriction of the shifts (4.30) to (A)dS space, so any scalar
formed from them and their derivatives will provide an invariant Lagrangian. There is also the
possibility of Wess–Zumino terms which are not directly constructible from these objects. However,
as in flat space [11], all interactions invariant under the abelian k = 2 shift symmetry have higher-
order equations of motion. Such interactions may still be of interest, for example, to describe the
helicity-0 mode interactions of a massive spin-3 particle in (A)dS space.
14The explicit form of these symmetry transformations in the flat slicing can be found in [57]
25
4.3.2 Non-abelian interactions
We now consider interactions that are invariant under the non-abelian k = 2 algebra, sl(D + 1),
where the scalar transformation is given in ambient space by
δΦ = SAB
(
XAXB +
1
ΛD+2
∂AΦ∂BΦ
)
, (4.33)
with symmetric traceless SAB. Using the same method as for the non-abelian k = 1 interactions,
we find that there is a single invariant interaction with second-order equations of motion,15
LSG√−g =
D−1∑
j=0
ψD−j + (−1)jψ∗D−j
ijΛj(D+2)/2 |ψ|D+3 2 Γ(j + 3)
[
(j + 2)fj
(
X
|ψ|2
)
− (j + 1)fj+1
(
X
|ψ|2
)]
∂µφ∂νφX(j)µν (Π)
+
ΛD+2
2(D + 1)H2
(
1− ψ
∗D+1 + ψD+1
2 |ψ|D+1
)
, (4.34)
where we have defined16
fj(x) ≡ 2F1
(
D + 3
2
,
j + 1
2
;
j + 3
2
;−x
)
, ψ ≡ 1− 2i H
2
Λ
D
2
+1
φ , X ≡ H
2
ΛD+2
(∂φ)2 . (4.35)
Despite the appearance of factors of i, this Lagrangian is real. Note that in this case we have
ignored the tadpole term, which can be obtained from (4.34) by putting minus signs in front of
ψ∗D−j and ψD+1. There will also exist invariant interactions with higher-order equations of motion,
which are (A)dS versions of the interactions constructed in [21].
The Lagrangian (4.34) depends on two scales, H and Λ, and therefore has only one dimensionless
parameter, the ratio of these scales. Only terms of even order in φ are present, so there is also a
Z2 symmetry φ→ −φ.
In the flat space limit, H → 0, (4.34) reduces to
LSG
∣∣∣
H=0
= −
D−1∑
j=0,
j even
1
Λj(D+2)/2
(−1)j/2
(j + 2)!
∂µφ∂νφX(j)µν (Π). (4.36)
Up to a total derivative, this is precisely the Lagrangian for the flat space special galileon of
[13, 19, 20], which is invariant under the nonlinear symmetry
δφ = sµν
(
xµxν +
1
ΛD+2
∂µφ∂νφ
)
, (4.37)
15We have not been able to verify symbolically that (4.34) has the full symmetry to all orders, although we are
confident it does. For D = 4, we have shown that it has the full symmetry up to 14th order in the fields and has
the relevant subset of symmetries to all orders when φ = φ(η, x1). We have also shown that the expression for the
symmetry variation of the full Lagrangian vanishes when random integers are substituted for the variables, and so
we are confident it is zero, but due to its size we have not managed to simplify it to zero symbolically.
16We use the definition of 2F1 of functions.wolfram.com/HypergeometricFunctions/Hypergeometric2F1.
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with symmetric traceless sµν [20], as well as the standard galileon and shift symmetries. The
Lagrangian (4.34) can therefore be considered an H2 deformation of the flat space special galileon.
Expanding in powers of the field, the structure of the Lagrangian (4.34) is
1√−gLSG = −
1
2
(∂φ)2 + (D + 1)H2φ2 +
1
24ΛD+2
[
∂µφ∂νφX(2)µν (Π) +O
(
H2
)]
+O (φ6) , (4.38)
which has the correct mass for a k = 2 scalar. Each power of φ comes suppressed with powers of
Λ, with a tail of lower-derivative terms suppressed by H. These tail terms are different from those
of the (A)dS galileons and there are interactions at every even order in the field. Thus, unlike the
flat space special galileon, which is a particular combination of galileons, the Lagrangian (4.34) is
not a particular combination of (A)dS galileons.
In the non-abelian k = 1 case, we found that there is a formulation of the interactions that is
much simpler than the one obtained from the simple ambient space field transformation. Based on
this, we expect that there should also exist a choice of field variables where the non-abelian k = 2
theory takes a much simpler form than (4.34). It would be interesting to find such a presentation
of the theory.
In any given dimension, the hypergeometric functions in Eq. (4.35) can be written in terms of
elementary functions: square roots and (in odd dimensions) tanh−1(
√
x). For example, in D = 4
the Lagrangian (4.34) can be written as
1√−gLSG =−
Λ6
H2
(y2 − 8y + 8) (8X2 − 3y3/2√X + y + 12Xy − 3X√y√X + y + 3y2)
15y3(X + y)3/2
− Λ
6
H2
(
5(y − 4)y + 16
10y5/2
− 1
10
)
+
2(y − 4)φ
15Xy5/2
(√
y(2X + 3y)
(X + y)3/2
− 3
)
H2
Λ6
∂µφ∂νφX(1)µν (Π)
+
y − 2
30X2y2
(
2
√
y − 2X
2 + 3Xy + 2y2
(X + y)3/2
)
1
Λ6
∂µφ∂νφX(2)µν (Π)
+
φ
45X2y3/2
(√
y(3X + 2y)
(X + y)3/2
− 2
)
H2
Λ12
∂µφ∂νφX(3)µν (Π), (4.39)
where we have defined
y ≡ 1 + 4H
4
Λ6
φ2, X ≡ H
2
Λ6
(∂φ)2 . (4.40)
Though this Lagrangian may seem somewhat complex, we emphasize that it is entirely fixed by
the shift symmetries (4.33).
Potential
The (A)dS special galileon possesses a potential whose form is completely fixed by the symmetry.
In D dimensions, this potential is given by
V (φ) = − 1√−gLSG
∣∣∣∣
∂φ=0
=
ΛD+2
2(D + 1)H2
(
ψD+1 + ψ∗D+1
2 |ψ|D+1 − 1
)
, (4.41)
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D = 4
<latexit sha1_base64="VOkp7Po0QJ8tfxPU31yLc7zzTFY=">AAAB 6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKehFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5t bxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKU RSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/yMyyQ1KNniozAVxMRkdj cZcIXMiIkFyhS3uxI2oooyY9Mp2RC85ZNXoXVR9Szf1yr1Wh5HEU7gFM7Bg0uowx00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9yPn8AiReNPw==< /latexit><latexit sha1_base64="VOkp7Po0QJ8tfxPU31yLc7zzTFY=">AAAB 6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKehFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5t bxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKU RSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/yMyyQ1KNniozAVxMRkdj cZcIXMiIkFyhS3uxI2oooyY9Mp2RC85ZNXoXVR9Szf1yr1Wh5HEU7gFM7Bg0uowx00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9yPn8AiReNPw==< /latexit><latexit sha1_base64="VOkp7Po0QJ8tfxPU31yLc7zzTFY=">AAAB 6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKehFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5t bxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKU RSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/yMyyQ1KNniozAVxMRkdj cZcIXMiIkFyhS3uxI2oooyY9Mp2RC85ZNXoXVR9Szf1yr1Wh5HEU7gFM7Bg0uowx00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9yPn8AiReNPw==< /latexit><latexit sha1_base64="VOkp7Po0QJ8tfxPU31yLc7zzTFY=">AAAB 6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKehFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5t bxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKU RSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/yMyyQ1KNniozAVxMRkdj cZcIXMiIkFyhS3uxI2oooyY9Mp2RC85ZNXoXVR9Szf1yr1Wh5HEU7gFM7Bg0uowx00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9yPn8AiReNPw==< /latexit>
D = 5
<latexit sha1_base64="P0MSua fk/i08k83cjI9Ar7o7gYc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF 8FQSUfQiFPTgsaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjr CwsP78ywM2+QSGHQdb+dwsrq2vpGcbO0tb2zu1feP2iaONWMN1gsY90 OqOFSKN5AgZK3E81pFEjeCkY303rriWsjYvWI44T7ER0oEQpG0VoPt9c XvXLFrbozkWXwcqhArnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4Q llIzrgHYuKRtz42WzVCTmxTp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1P yv1kkxvPIzoZIUuWLzj8JUEozJ9G7SF5ozlGMLlGlhdyVsSDVlaNMp2R C8xZOXoXlW9Szfn1dq53kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5 935mLcWnHzmEP7I+fwBipuNQA==</latexit><latexit sha1_base64="P0MSua fk/i08k83cjI9Ar7o7gYc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF 8FQSUfQiFPTgsaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjr CwsP78ywM2+QSGHQdb+dwsrq2vpGcbO0tb2zu1feP2iaONWMN1gsY90 OqOFSKN5AgZK3E81pFEjeCkY303rriWsjYvWI44T7ER0oEQpG0VoPt9c XvXLFrbozkWXwcqhArnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4Q llIzrgHYuKRtz42WzVCTmxTp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1P yv1kkxvPIzoZIUuWLzj8JUEozJ9G7SF5ozlGMLlGlhdyVsSDVlaNMp2R C8xZOXoXlW9Szfn1dq53kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5 935mLcWnHzmEP7I+fwBipuNQA==</latexit><latexit sha1_base64="P0MSua fk/i08k83cjI9Ar7o7gYc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF 8FQSUfQiFPTgsaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjr CwsP78ywM2+QSGHQdb+dwsrq2vpGcbO0tb2zu1feP2iaONWMN1gsY90 OqOFSKN5AgZK3E81pFEjeCkY303rriWsjYvWI44T7ER0oEQpG0VoPt9c XvXLFrbozkWXwcqhArnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4Q llIzrgHYuKRtz42WzVCTmxTp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1P yv1kkxvPIzoZIUuWLzj8JUEozJ9G7SF5ozlGMLlGlhdyVsSDVlaNMp2R C8xZOXoXlW9Szfn1dq53kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5 935mLcWnHzmEP7I+fwBipuNQA==</latexit><latexit sha1_base64="P0MSua fk/i08k83cjI9Ar7o7gYc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF 8FQSUfQiFPTgsaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjr CwsP78ywM2+QSGHQdb+dwsrq2vpGcbO0tb2zu1feP2iaONWMN1gsY90 OqOFSKN5AgZK3E81pFEjeCkY303rriWsjYvWI44T7ER0oEQpG0VoPt9c XvXLFrbozkWXwcqhArnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4Q llIzrgHYuKRtz42WzVCTmxTp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1P yv1kkxvPIzoZIUuWLzj8JUEozJ9G7SF5ozlGMLlGlhdyVsSDVlaNMp2R C8xZOXoXlW9Szfn1dq53kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5 935mLcWnHzmEP7I+fwBipuNQA==</latexit>
D = 6
<latexit sha1_base64="iKUIuMUGBxp+sffp+XrY1Jzt3kg=">AAAB 6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfUiFPTgsaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsrq2vp GcbO0tb2zu1feP2iaONWMN1gsY90OqOFSKN5AgZK3E81pFEjeCkY303rriWsjYvWI44T7ER0oEQpG0VoPt9cXvXLFrbozkWXwcqhArnqv/NXtxyy NuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHYuKRtz42WzVCTmxTp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1Pyv1kkxvPIzoZIUuWLzj8JUEozJ9G 7SF5ozlGMLlGlhdyVsSDVlaNMp2RC8xZOXoXlW9Szfn1dq53kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7I+fwBjB+NQQ==< /latexit><latexit sha1_base64="iKUIuMUGBxp+sffp+XrY1Jzt3kg=">AAAB 6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfUiFPTgsaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsrq2vp GcbO0tb2zu1feP2iaONWMN1gsY90OqOFSKN5AgZK3E81pFEjeCkY303rriWsjYvWI44T7ER0oEQpG0VoPt9cXvXLFrbozkWXwcqhArnqv/NXtxyy NuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHYuKRtz42WzVCTmxTp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1Pyv1kkxvPIzoZIUuWLzj8JUEozJ9G 7SF5ozlGMLlGlhdyVsSDVlaNMp2RC8xZOXoXlW9Szfn1dq53kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7I+fwBjB+NQQ==< /latexit><latexit sha1_base64="iKUIuMUGBxp+sffp+XrY1Jzt3kg=">AAAB 6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfUiFPTgsaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsrq2vp GcbO0tb2zu1feP2iaONWMN1gsY90OqOFSKN5AgZK3E81pFEjeCkY303rriWsjYvWI44T7ER0oEQpG0VoPt9cXvXLFrbozkWXwcqhArnqv/NXtxyy NuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHYuKRtz42WzVCTmxTp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1Pyv1kkxvPIzoZIUuWLzj8JUEozJ9G 7SF5ozlGMLlGlhdyVsSDVlaNMp2RC8xZOXoXlW9Szfn1dq53kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7I+fwBjB+NQQ==< /latexit><latexit sha1_base64="iKUIuMUGBxp+sffp+XrY1Jzt3kg=">AAAB 6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfUiFPTgsaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsrq2vp GcbO0tb2zu1feP2iaONWMN1gsY90OqOFSKN5AgZK3E81pFEjeCkY303rriWsjYvWI44T7ER0oEQpG0VoPt9cXvXLFrbozkWXwcqhArnqv/NXtxyy NuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHYuKRtz42WzVCTmxTp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1Pyv1kkxvPIzoZIUuWLzj8JUEozJ9G 7SF5ozlGMLlGlhdyVsSDVlaNMp2RC8xZOXoXlW9Szfn1dq53kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7I+fwBjB+NQQ==< /latexit> D = 7
<latexit sha1_base64="w+qZ5MrByggFrO0etHR0KCUXDl4=">AAAB 6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5t bxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKU RSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/yMyyQ1KNniozAVxMRkdj cZcIXMiIkFyhS3uxI2oooyY9Mp2RC85ZNXoXVR9SzfX1bql3kcRTiBUzgHD2pQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/kfP4AjaONQg==< /latexit><latexit sha1_base64="w+qZ5MrByggFrO0etHR0KCUXDl4=">AAAB 6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5t bxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKU RSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/yMyyQ1KNniozAVxMRkdj cZcIXMiIkFyhS3uxI2oooyY9Mp2RC85ZNXoXVR9SzfX1bql3kcRTiBUzgHD2pQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/kfP4AjaONQg==< /latexit><latexit sha1_base64="w+qZ5MrByggFrO0etHR0KCUXDl4=">AAAB 6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5t bxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKU RSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/yMyyQ1KNniozAVxMRkdj cZcIXMiIkFyhS3uxI2oooyY9Mp2RC85ZNXoXVR9SzfX1bql3kcRTiBUzgHD2pQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/kfP4AjaONQg==< /latexit><latexit sha1_base64="w+qZ5MrByggFrO0etHR0KCUXDl4=">AAAB 6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5t bxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKU RSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/yMyyQ1KNniozAVxMRkdj cZcIXMiIkFyhS3uxI2oooyY9Mp2RC85ZNXoXVR9SzfX1bql3kcRTiBUzgHD2pQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/kfP4AjaONQg==< /latexit>
D = 8
<latexit sha1_base64="ZsVos7 RAg/HrsbWos44L4qo2rFo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF 8FQSEexFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DW FxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKo TUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XW tX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMa FsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf /VuqkJa37GZZIalGzxUZgKYmIyu5sMuEJmxMQCZYrbXQkbUUWZsemUbA je8smr0LqoepbvLyv1yzyOIpzAKZyDB1dQhztoQBMYDOEZXuHNEc6L8 +58LFoLTj5zDH/kfP4AjyeNQw==</latexit><latexit sha1_base64="ZsVos7 RAg/HrsbWos44L4qo2rFo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF 8FQSEexFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DW FxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKo TUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XW tX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMa FsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf /VuqkJa37GZZIalGzxUZgKYmIyu5sMuEJmxMQCZYrbXQkbUUWZsemUbA je8smr0LqoepbvLyv1yzyOIpzAKZyDB1dQhztoQBMYDOEZXuHNEc6L8 +58LFoLTj5zDH/kfP4AjyeNQw==</latexit><latexit sha1_base64="ZsVos7 RAg/HrsbWos44L4qo2rFo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF 8FQSEexFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DW FxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKo TUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XW tX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMa FsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf /VuqkJa37GZZIalGzxUZgKYmIyu5sMuEJmxMQCZYrbXQkbUUWZsemUbA je8smr0LqoepbvLyv1yzyOIpzAKZyDB1dQhztoQBMYDOEZXuHNEc6L8 +58LFoLTj5zDH/kfP4AjyeNQw==</latexit><latexit sha1_base64="ZsVos7 RAg/HrsbWos44L4qo2rFo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF 8FQSEexFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DW FxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKo TUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XW tX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMa FsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf /VuqkJa37GZZIalGzxUZgKYmIyu5sMuEJmxMQCZYrbXQkbUUWZsemUbA je8smr0LqoepbvLyv1yzyOIpzAKZyDB1dQhztoQBMYDOEZXuHNEc6L8 +58LFoLTj5zDH/kfP4AjyeNQw==</latexit>
D = 9
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Figure 3: Plots of H2V (φ)/ΛD+2 for the special galileon in dS space in various dimensions. The horizontal
axes show the dimensionless combination H2φ/Λ(D+2)/2.
where we recall that
ψ ≡ 1− 2iH2φ/Λ(D+2)/2. (4.42)
We plot this potential in Figure 3 for D = 2, . . . , 10 for the dS case H2 > 0. The Z2 symmetry
implies that the potential is invariant under interchanging ψ ↔ ψ∗, so the AdS case corresponds
to an overall sign flip. The potential is bounded, with the asymptotic values
V (φ→ ±∞) ' −Λ
D+2
H2
sin
(
piD
2
)
+ 1
2(D + 1)
. (4.43)
The number of critical points is 2
⌊
D
2
⌋
+ 1, increasing by two every two dimensions, and all the
maxima/minima have the same height.
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Figure 4: Potential for the D = 4 special galileon in dS space.
Focusing on the case D = 4, the potential can be written as
V (φ˜) = − 1√−gLSG
∣∣∣∣
∂φ=0
=
Λ6
10H2
80φ˜4 − 40φ˜2 + 1(
4φ˜2 + 1
)5/2 − 1
 , (4.44)
where φ˜ ≡ H2φ/Λ3. This is plotted in Figure 4. As φ˜ → ±∞, the potential asymptotes to
−Λ6/10H2. There are five critical points, two absolute minima and three absolute maxima,
Minima: φ˜min = ±1
2
√
5− 2
√
5 ,
H2
Λ6
V (φ˜min) = −1
5
, (4.45)
Maxima: φ˜max = 0, ±1
2
√
5 + 2
√
5 , V (φ˜max) = 0 . (4.46)
Expanding about the critical points, the value of the squared mass relative to the kinetic term is
always −10H2, as required by the shift symmetry, which is a nontrivial check of the symmetry of
the entire Lagrangian. However, the overall sign of the quadratic action differs around the maxima
and minima,
1√−gLSG ∝ −
(
(∂ϕ)2 − 10H2ϕ2)+O (ϕ3) , φ = φmax + ϕ , (4.47)
1√−gLSG ∝ +
(
(∂ϕ)2 − 10H2ϕ′2)+O (ϕ3) , φ = φmin + ϕ. (4.48)
Although the minima appear stable by considering just the potential, the fluctuations about them
have ghostly kinetic terms, so they are actually unstable in dS space. As discussed at the end of
Section 2.1, the would-be growing mode corresponding to the tachyon instability around the origin
can be removed by a symmetry transformation. In AdS space, the potential is flipped upside down
and there are three stable minima, around which the field has the correct sign kinetic term.
29
4.4 k > 2 interactions
We now comment briefly on interactions for shift symmetries with k > 2. As discussed in Sec-
tion 4.1, there do not exist deformations of the symmetry algebras when k > 2 without adding
additional generators, except possibly in special dimensions. This implies that interacting theories
of a single scalar in generic dimensions must realize the symmetries of the free theory, which act as
δΦ = SA1···AkX
A1 · · ·XAk . (4.49)
It is straightforward to construct objects that are invariant under these shifts by acting with k+ 1
derivatives or the d’Alembert operator in ambient space and projecting,
∂(A1 . . . ∂Ak+1)Φ Φ
(k)
µ1···µk+1 = ∇(µ1 . . .∇µk+1)φ+O(H2) terms, (4.50)
∂A∂
AΦ Φ(k) =
(
+ k(D + k − 1)H2)φ. (4.51)
Any scalar formed from these objects and their derivatives will be an invariant Lagrangian. This
captures all possible Lagrangians except for a finite number of Wess–Zumino terms. It is beyond the
scope of this work, but it would be interesting to classify such Wess–Zumino terms for these higher
shift symmetries. Our expectation is that all interactions invariant under the symmetries (4.49)
with k ≥ 2 will have higher-order equations of motion, because there are no known theories for
them to reduce to in the flat space limit with lower-order equations of motion. We have checked
this explicitly for k = 3.
It is worth noting that in cases that break dS invariance, either explicitly or spontaneously, higher
shift symmetries can be present that act only on the spatial coordinates. Shift symmetries of this
kind appear in the context of inflation [88–90], and have interesting consequences for correlation
functions. It would be interesting to systematically classify theories where such spatial shifts appear.
5 Conclusions
In this paper we have identified special mass values at which massive bosonic fields of all spins
in (A)dS space develop shift symmetries that are the analogues of flat space polynomial shift
symmetries. We have explained how these shift-symmetric fields are related to PM fields and we
have constructed explicit examples of interacting scalar theories preserving the symmetries. These
theories generalize many known interesting examples of shift-symmetric theories in flat space.
In flat space, shift symmetries have proven useful as an organizing principle to classify EFTs.
We have taken the first steps toward such a classification in (A)dS space. In particular, we have
considered interactions for theories with shift symmetries containing a single scalar field. In addition
to placing known curved-spacetime EFTs in a new context, we have constructed in every dimension
a novel interacting scalar theory with a nonlinear quadratic shift symmetry, which is a highly
nontrivial generalization of the special galileon to (A)dS space. Additionally, we have argued
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that—similar to the special galileon in flat space—this theory should have the highest possible shift
symmetry while still retaining second-order equations of motion. Therefore, the phenomenology of
this theory should be extremely interesting. It possesses a potential that is completely fixed by its
deformed shift symmetry, which may prove to be useful for applications in either the early or late
universe.
We have focused on interactions for a single scalar field, but it is possible that there are higher-
spin and/or multi-field interacting theories that are governed by deformations of the linear shift
symmetries of Section 2. It would be interesting to construct theories of this type. A necessary
ingredient for such a theory is a Lie algebra with symmetric or mixed-symmetry generators having
up to two rows. One such algebra is the infinite higher-spin algebra underlying Vasiliev’s higher-
spin theory [7–10]. When realized as the algebra of shift symmetries, this would correspond to a
putative (A)dS theory with interacting k = 0 massive particles of every integer spin except spin
one. For simpler examples, one could use the finite algebras that arise from truncations of PM
higher-spin algebras [76]. The generators of these algebras comprise all traceless Young tableaux
with an even number of boxes less than or equal to 2N , for some fixed integer N , and at most
two rows. The N = 1 algebra corresponds to sl(D + 1), which underlies the (A)dS special galileon
constructed here, so an intriguing possibility is that the N > 1 algebras are also realized by finite
interacting theories of massive particles in (A)dS space. For example, the N = 2 algebra would
correspond to an interacting theory containing spin-0 fields with k = 2 and k = 4, a k = 2 spin-1
field, and a k = 0 spin-2 field. Of course, the existence of an algebra is not by itself proof that
a theory exists, so more work is required to find realizations of the algebra on fields and to find
consistent invariant interactions.
Another interesting question is whether the interacting shift-symmetric theories have correspond-
ing interacting theories of PM fields, where the algebra of shift symmetries is gauged. The (A)dS
galileon corresponds to conformal gravity in this sense, and the (A)dS special galileon would corre-
spond to a theory of a depth-0 spin-3 PM field interacting with gravity. Additionally, in this paper
we have focused on bosonic fields described by symmetric tensors, but it would be interesting to
extend our constructions to fermionic and mixed-symmetry fields. We also expect that the shift-
symmetric fields studied here should play some interesting role in the AdS/CFT correspondence,
where the bulk shift symmetries should have some novel boundary consequences.
Finally, in the same way that shift symmetries in flat space imply enhanced soft limits of the
S-matrix, the shift symmetries on (A)dS space considered here should imply enhanced soft limits
for boundary correlation functions. It would be interesting to explore the extent to which the (A)dS
theories can be reconstructed from their soft limits.
Acknowledgements: We would like to thank Lasma Alberte, Thomas Basile, Xavier Bekaert,
Brando Bellazzini, Miguel Campiglia, Paolo Creminelli, Frederik Denef, Claudia de Rham, Garrett
Goon, Maxim Grigoriev, Euihun Joung, Karapet Mkrtchyan, Enrico Pajer, Guilherme Pimentel,
Zimo Sun, Massimo Taronna, Andrew Tolley, Sam Wong, and Michael Zlotnikov for helpful con-
31
versations and correspondence. KH acknowledges support from DOE grant DE-SC0019143. RAR
is supported by DOE grant DE-SC0011941 and Simons Foundation Award Number 555117. AJ
and RAR are supported by NASA grant NNX16AB27G.
A Symmetric polynomials
Here we define the tensors X
(n)
µν that are used at several points throughout the paper. They are
(A)dS versions of the tensors that appear in the decoupling limit of massive gravity [91, 92].
For an arbitrary symmetric tensor Mµν , we define the symmetric polynomials as
Sn(M) = n!M
[µ1
µ1M
µ2
µ2 . . .M
µn]
µn . (A.1)
The tensors X
(n)
µν (M) are defined as
X(n)µν(M) =
1
n+ 1
δ
δMµν
Sn+1(M) = (n+ 1)! δ
[µ
ν M
µ2
µ2 . . .M
µn+1]
µn+1 . (A.2)
They vanish identically for n ≥ D. Explicitly, the first few are given by
X(0)µν (M) = gµν , (A.3)
X(1)µν (M) = [M ] gµν −Mµν , (A.4)
X(2)µν (M) =
(
[M ]2 − [M2]) gµν − 2 [M ]Mµν + 2M2µν , (A.5)
X(3)µν (M) =
(
[M ]3 − 3 [M ] [M2]+ 2 [M3]) gµν − 3([M ]2 − [M2])Mµν + 6 [M ]M2µν − 6M3µν ,
(A.6)
where gµν is the background metric.
B Ambient space
B.1 Ambient space review
It is often convenient to use ambient space to describe (A)dS fields [93, 94]. To do this, we
embed (A)dSD with coordinates x
µ into an ambient (D + 1)-dimensional Minkowski space with
coordinates XA. The flat ambient metric ηAB has components diag(−1, 1, 1, 1, . . . ) for dS space
and diag(−1,−1, 1, 1, . . . ) for AdS space. The (A)dS manifold is the surface defined by
ηABX
AXB = ±R2, (B.1)
where the constant R is the radius. Here and throughout, the upper sign is for dS space and
the lower sign for AdS space. The (A)dS isometries are the so(D + 1) Lorentz transformations of
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the ambient space that preserve the embedded hyperboloid. This surface can be described by the
embedding functions XA(x). A basis of tangent vectors to this surface is
eAµ ≡ ∂µXA . (B.2)
The normal vector is proportional to XA, since eAµXA = 0.
It is often convenient to use adapted spherical coordinates A¯ = (ρ, xµ) in the ambient space,
where the metric takes the form
ds2 = ±dρ2 +
( ρ
R
)2
ds2(A)dS. (B.3)
In these coordinates, ρ =
√±X2 and the (A)dS surface is at ρ = R. The normal vector XA has
components only along the ρ direction, XA¯ = (ρ, 0, 0, 0, . . .). The non-vanishing Christoffel symbols
are
Γρµ1µ2 = ∓
ρ
R2 gµ1µ2 , Γ
µ1
µ2ρ =
1
ρ
δµ1µ2 , Γ
µ1
µ2µ3 = Γ
µ1
µ2µ3 [g] , (B.4)
where gµν is the (A)dS metric.
There is a bijective map between symmetric tensor fields tµ1···µs(x) of rank s on (A)dS space and
tensors fields TA1···As(X) of rank s in the ambient space that satisfy the two conditions
Homogeneity :
(
XA∂A − w
)
TA1···As = 0, (B.5)
Tangentiality : XA1TA1···As(X) = 0 , (B.6)
where w is some fixed real number called the homogeneity degree. The relation between the tensors
is given by the pullback,
tµ1···µs(x) = e
A1
µ1 · · · eAsµs TA1···As(X(x)) . (B.7)
Any ambient space tensor can be made tangent by hitting each index with the projection operator,
PAB = δ
A
B −
XAXB
X2
. (B.8)
For a scalar field of homogeneity degree w, the field Φ(X) corresponding to φ(x) is given in the
adapted spherical coordinates by
Φ(ρ, x) =
( ρ
R
)w
φ(x). (B.9)
For a tensor field of homogeneity degree w, the tangentiality condition (B.6) is the statement that
the ρ components of the tensor in the spherical coordinates all vanish, TρA¯2···A¯s(X) = 0, and the
condition (B.5) then implies that the µ components have ρ dependence given by
Tµ1···µs(ρ, x) =
( ρ
R
)w+s
Tµ1···µs(x). (B.10)
Taking a trace of an ambient space tensor preserves the tangentiality condition (B.6) and pre-
serves the homogeneity condition (B.5) provided we lower the scaling dimension by 2, i.e. if
TA1A2···As has homogeneity degree w, then ηA1A2TA1A2···As has homogeneity degree w − 2.
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To take derivatives in the ambient space, we first differentiate and then project all the indices
using (B.8). This preserves the homogeneity degree. There are three derivative operations on sym-
metric tensors, the symmetrized derivative, divergence, and Laplacian. In [95], a general formula
for the projection of an arbitrary number, n, of symmetrized ambient space partial derivatives on
an arbitrary symmetric rank-s tensor of homogeneity degree w is given,
∂(A1 · · · ∂AnTAn+1···An+s)  
bn
2
c∑
m=0
cmn
(
± 1R2
)m
g(µ1µ2 · · · gµ2m−1µ2m∇µ2m+1 · · · ∇µntµn+1···µn+s),
(B.11)
where a generating function for the coefficients cmn is
(1 + y)
w−s
2 exp
(
x√
y
arctan
√
y
)
=
∞∑
n=0
bn
2
c∑
m=0
1
n!
cmn x
n−2mym. (B.12)
This can be used to extract the cmn in cases of interest. The divergence involves a trace and so
lowers the homogeneity degree by 2. The corresponding (A)dS tensor is again the divergence,
∂A1TA1A2···As+1  ∇µ1tµ1µ2···µs+1 . (B.13)
The Laplacian also lowers the degree by 2, and the correspondence is
TA1···As  
(
∇2 ± 1R2 (w(D + w − 1)− s)
)
tµ1···µs , (B.14)
where w is the homogeneity degree of TA1···As .
B.2 Embedding coordinates
It will occasionally be useful to choose a particular coordinate system on the (A)dS spaces we
consider. For our purposes, we will mostly be interested in the flat slicing or in stereographic
coordinates.
B.2.1 Inflationary/Poincare´ coordinates
We will give expressions for the dS case, the corresponding AdS expressions can be obtained straight-
forwardly by analytic continuation. The inflationary slicing corresponds to the embedding17
X0 =
ρ
2(−η)
(
1− η2 + ~x2) , (B.15a)
Xi =
ρxi
(−η) , (B.15b)
XD =
ρ
2(−η)
(
1 + η2 − ~x2) . (B.15c)
17Here ρ ∈ (0,∞), η ∈ (−∞, 0) and xi ∈ (−∞,∞).
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These coordinates foliate half the dS hyperboloid with flat slices, and in these coordinates the
(D + 1)-dimensional Minkowski metric takes the form
ds2 = dρ2 + (ρH)2 ds2dSD , (B.16)
where the dS metric in the inflationary slicing is given by
ds2dSD =
1
H2η2
(−dη2 + d~x2) . (B.17)
It is straightforward to check that the coordinates (B.15) satisfy (B.1) with R = H−1, so that the
slice ρ = H−1 is the dS hyperboloid with Hubble parameter H. It is often useful to construct the
following ambient lightcone coordinates:
X+ = X0 +XD =
ρ
(−η) , (B.18)
X− = X0 −XD = ρ
(−η)
(−η2 + ~x2) . (B.19)
By inverting the embedding (B.15), we can express the ambient space derivatives in terms of
intrinsic coordinates [54]
∂
∂X0
=
1
2(−η)
(−1 + η2 − ~x2) ∂ρ + 1
2ρ
(1 + η2 + ~x2)∂η +
η
ρ
xi∂i, (B.20a)
∂
∂Xi
=
xi
(−η)∂ρ −
xi
ρ
∂η − η
~x2
∂i, (B.20b)
∂
∂XD
=
1
2(−η)
(
1 + η2 − ~x2) ∂ρ + 1
2ρ
(−1 + η2 + ~x2)∂η + η
ρ
xi∂i. (B.20c)
The equations (B.15) and (B.20) can then be used to translate ambient space formulae into (A)dS
formula in the flat slicing.
B.2.2 Stereographic coordinates
Another coordinate system which is often useful (particularly in Appendix C), corresponds to the
embedding18
Xµ = xµ
ρH
1 + H
2
4 x
2
(B.21a)
X5 = ρ
1− H24 x2
1 + H
2
4 x
2
, (B.21b)
so that the ambient Minkowski metric takes the form
ds2 = dρ2 + (ρH)2
(
1
1 + H
2
4 x
2
)2
ηµνdx
µdxν , (B.22)
18Here the coordinates ρ ∈ (0,∞) and xµ ∈ (−∞,∞).
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where again the ρ = H−1 slice corresponds to a dS space with Hubble parameter H. These
coordinates cover 3/4 of the dS hyperboloid. It is straightforward to obtain AdS coordinates by
analytically continuing H2 7→ −L−2.
In this case also we can invert the coordinate embedding (B.21) to express ambient space deriva-
tives as [96]
∂
∂Xµ
=
1
ρH
(
δνµ
(
1 +
H2
4
x2
)
− H
2
2
xνxµ
)
∂ν +
Hxµ
1 + H
2
4 x
2
∂ρ, (B.23a)
∂
∂XD
= −x
µ
ρ
∂µ +
(
1− H24 x2
1 + H
2
4 x
2
)
∂ρ. (B.23b)
C Coset constructions
Here we describe the coset construction of the abelian scalar interactions described in Section 4.
The advantage of this approach is that it is entirely systematic. Once we have classified the possible
algebras, we can algorithmically construct a scalar field theory that nonlinearly realizes the breaking
of this algebra down to the (A)dS algebra; see, e.g., [18] for an introduction to the formalism.
C.1 (A)dS galileons
We first consider the interactions for a k = 1 scalar with undeformed algebra, i.e., the (A)dS
galileons [53–55]. We will find that, unlike the flat case, only one of the (A)dS galileons is a Wess–
Zumino term. The coset construction of the scalar theory that nonlinearly realizes the deformed
k = 1 algebra, so(D + 2), has been considered in [56, 57].
As discussed in Section 4.1, the k = 1 scalar is invariant under the (A)dS isometries, which form
an so(D, 1) algebra, along with the following nonlinearly realized symmetry written in ambient
space:
δΦ = SAX
A. (C.1)
Taken together, these symmetries close to form the algebra
[JAB, JCD] = ηACJBD − ηBCJAD + ηBDJAC − ηADJBC , (C.2)
[JAC , SD] = ηADSC − ηCDSA, (C.3)
which is isomorphic to the (D + 1)-dimensional Poincare´ algebra, iso(D, 1).19 We can write this
algebra in D-dimensional language by defining
J(D+1)µ ≡ H−1Pˆµ, Jµν ≡ Jˆµν , (C.4)
S(D+1) ≡ −H−1C, Sµ ≡ Bµ, (C.5)
19This is the same algebra nonlinearly realized by the flat space DBI action in D dimensions. Here we are linearly
realizing a different subalgebra.
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after which the commutation relations take the form
[Pˆµ, Pˆν ] = H
2Jˆµν , [Pˆµ, Bν ] = ηµνC , [Pˆµ, C] = −H2Bµ , (C.6a)
[Jˆµν , Pˆρ] = ηµρPˆν − ηνρPˆµ , [Jˆµν , Bρ] = ηµρBν − ηνρBµ , (C.6b)
[Jˆµν , Jˆρσ] = ηµρJˆνσ − ηνρJˆµσ + ηνσJˆµρ − ηµσJˆνρ . (C.6c)
In the H → 0 limit, this reduces to the flat space galileon algebra studied in Ref. [18].
Maurer–Cartan form
We are considering the symmetry-breaking pattern
iso(D, 1) −→ so(D, 1), (C.7)
which linearly realizes the dS subalgebra. The coset space is then parametrized by D coordinates
yµ, and D + 1 Goldstone fields ξµ, φ, as
g = ey
µPˆµeξ
µBµeφC . (C.8)
In order to construct invariant Lagrangians, we require the Maurer–Cartan form, ω = g−1dg. This
can be computed directly,
ω = dyµeνµPˆν +
(
dξν + 2ξµω
µν
spin − φH2dyµeνµ
)
Bν +
(
dφ+ ξνe
ν
µdy
µ
)
C + ωµνspinJˆµν , (C.9)
where eνµ and ω
µν
spin are a vielbein and spin connection for dS space
eνµ =
(
δνµ −
yµy
ν
y2
)
sin
√
H2y2√
H2y2
+
yµy
ν
y2
, (C.10)
ωµνspin =
(
1− cos
√
H2y2
)[yµdyν − yνdyµ
2y2
]
. (C.11)
This can be made manifest by the coordinate redefinition [56]
yµ = xµ
√
4
H2x2
arctan
√
H2x2
4
, (C.12)
after which the vielbein takes the stereographic form discussed in Section B.2.2,
eνµ =
(
1
1 + H
2
4 x
2
)
δνµ. (C.13)
Additionally, note that the covariant exterior derivative acts on a field ψ as
d(∇)ψ ≡ dψ + ρ(Jˆ)ψ, (C.14)
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where ρ(Jˆ) is the matrix representation of the spin generators in the representation under which ψ
transforms. In the vector case, using
ωµνspinJˆµνξα = ω
µν
spin (ξµηνα − ξνηµα) = 2ξµωµαspin, (C.15)
we see that the combination appearing in the Maurer–Cartan form is exactly the covariant exterior
derivative of ξ. We can make two simplifications: the vielbein factors serve to convert indices to dS
indices, and we can use the fact that everything is dS covariant to work in an arbitrary coordinate
system. The dS covariant Maurer–Cartan components can then be written as
ωµ
Pˆ
= eµαdx
α , (C.16)
ωµB = d
(∇)ξµ −H2φdxµ , (C.17)
ωC = dφ+ ξµdx
µ . (C.18)
We are interested in constructing invariant actions for the scalar field, φ; we would therefore like
to remove the redundant vector Goldstone, ξµ. That this is possible follows from the commutator
[Pˆ , B] ∝ C, which implies that we can remove ξµ by setting ωC = 0. Doing this, we find the inverse
Higgs constraint20
ξµ = −∇µφ. (C.21)
Substituting this constraint into ωB, the remaining invariant building block is
ωµB = −dxν
(∇µ∇ν + δµνH2)φ = −dxνΦ(1)ν µ, (C.22)
where we have defined
Φ(1)µν =
(∇µ∇ν +H2gµν)φ , (C.23)
which is the same invariant tensor (4.19) that is natural from ambient space perspective.
Interactions and Wess–Zumino terms
After imposing the inverse Higgs constraint to remove the vector Goldstone, the only remaining
building blocks are ωµ
Pˆ
and ωµB. The simplest interaction terms we can construct from these ingre-
20Since [Pˆ , C] ∼ B, there appears to be another inverse Higgs constraint we could impose which would eliminate
the scalar Goldstone and leave a theory of a vector nonlinearly realizing the (A)dS galileon symmetry. The inverse
Higgs constraint ωB = 0 eliminates φ in favor of the trace of ∇µξα as φ = 1DH2∇ · ξ, so that the building blocks for
invariant actions are
ωC = dx
µ
(
1
DH2
∇µ∇ · ξ + ξµ
)
, (C.19)
ωµB = dx
ν (∇(µξν)T +∇[µξν]) . (C.20)
It would be interesting to investigate this further.
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dients are D-forms:
ω1 = µ1µ2···µDω
µ1
B ∧ ωµ2Pˆ ∧ ω
µ3
Pˆ
∧ · · · ∧ ωµD
Pˆ
, (C.24a)
ω2 = µ1µ2···µDω
µ1
B ∧ ωµ2B ∧ ωµ3Pˆ ∧ · · · ∧ ω
µD
Pˆ
, (C.24b)
... (C.24c)
ωD = µ1µ2···µDω
µ1
B ∧ ωµ2B ∧ ωµ3B ∧ · · · ∧ ωµDB , (C.24d)
where ωn contains n factors of ω
µ
B. In terms of the tensor Φ
(1)
µν , these give the Lagrangians
L1 = −
√−gµα2···αDνα2···αDΦ(1)µ ν , (C.25a)
L2 =
√−gµ1µ2α3···αDν1ν2α3···αDΦ(1)µ1 ν1Φ(1)µ2 ν2 , (C.25b)
... (C.25c)
Ln = (−1)n
√−gµ1µ2···µnαn+1···αDν1ν2···νnαn+1···νDΦ(1)µ1 ν1Φ(1)µ2 ν2 · · ·Φ(1)µn νn , (C.25d)
... (C.25e)
LD = (−1)D
√−gµ1µ2···µDν1ν2···νDΦ(1)µ1 ν1Φ(1)µ2 ν2 · · ·Φ(1)µDνD . (C.25f)
Though it is not obvious, for D = 4 these Lagrangians are equivalent up to total derivatives to the
first four of the (A)dS galileons presented in [53–55]. The presentation here also appears in [60].
In flat space, each of the galileon interactions is a Wess–Zumino term, but here they are not.21
The difference is due to the different symmetry algebras in the (A)dS space and flat space theories.
In flat space, the invariant (D + 1)-forms that give rise to the galileon Lagrangians are
ω˜n = µ1µ2···µDωC ∧ ωµ1B ∧ · · · ∧ ωµn−1B ∧ ωµnPˆ ∧ · · · ∧ ω
µD
Pˆ
. (C.26)
These forms are closed in both flat space and (A)dS space, but only in (A)dS space can they be
written as the exterior derivative of an invariant D-form. To see this, note that the Maurer–Cartan
forms satisfy the Cartan structure equations
dωi = −1
2
fjk
iωj ∧ ωk, (C.27)
where f kij are the Lie algebra structure constants.
22 This defines the action of the exterior deriva-
tive on the forms. Since C commutes with everything in the H → 0 limit of the algebra (C.6), the
21We define Wess–Zumino terms as elements of the relative Lie algebra cohomology between iso(D, 1) and so(D, 1).
See [18] for more details.
22Explicitly, given a basis, ei, of the Lie algebra, the structure constants are defined by
[ei, ej ] = f
k
ij ek . (C.28)
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forms (C.26) cannot be written as the exterior derivative of a D-form in flat space. However, in
curved space we have the nonzero commutator
[Pˆµ, C] = −H2Bµ, (C.29)
which implies that
dωµB =
H2
2
ωµ
Pˆ
∧ ωC . (C.30)
This means that, when H 6= 0, the forms (C.26) can be written as the exterior derivative of the
D-forms (C.24), so they are not Wess–Zumino terms.
Note that LD+1 is missing from the list (C.25). This interaction cannot be written solely using
Φ
(1)
µν . It is a Wess–Zumino term in (A)dS space, derived from the (D + 1)-form
ωD+1 = µ1µ2···µDωC ∧ ωµ1B ∧ ωµ2B ∧ · · · ∧ ωµDB , (C.31)
which is closed but cannot be written as the exterior derivative of an invariant 4-form. This is
because C commutes with B even in (A)dS space. Pulling this object back to the physical D-
dimensional space, it leads to the Lagrangian
LD+1 = (−1)D
√−gµ1µ2···µDν1ν2···νDφΦ(1)µ1 ν1Φ(1)µ2 ν2 · · ·Φ(1)µDνD , (C.32)
which cannot be written solely in terms of Φ
(1)
µν .
Field transformations
We now work out the transformation rules for the Goldstone fields. We do this by acting on the
coset parametrization (C.8) with the transformation
g′ = eαC or g′ = eβ
µBˆµ , (C.33)
and then combining the exponentials using Baker–Campbell–Hausdorff formulas. We only need
to work to first order in the parameters α and β, which will give us the infinitesimal form of the
symmetry we are interested in. Going to projective coordinates (C.12), the field transformations
take the form
δCφ = −1 + 2
1 + H
2
4 x
2
, δCξ
µ =
H2xµ
1 + H
2
4 x
2
, (C.34a)
δBµφ = −
xµ
1 + H
2
4 x
2
, δBµξ
ν = ηµν − H
2xµxν
2
(
1 + H
2
4 x
2
) . (C.34b)
Recalling that the stereographic embedding is given by (B.21), we see that
δCφ ∝ X5, δBµφ ∝ Xµ, (C.35)
as anticipated. We can also check that the transformation rules (C.34) are compatible with the
inverse Higgs constraints.
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C.2 k = 2 scalars
We now discuss the k = 2 scalars from the coset perspective. In this case, the coset construction of
the non-abelian theory can be performed, but the resulting objects are rather complicated, so we
focus on the abelian theory which realizes the symmetries of the linear theory.
For completeness, we split the deformed k = 2 algebra into (A)dS-covariant form. Starting with
[JAB, JCD] = ηACJBD − ηBCJAD + ηBDJAC − ηADJBC , (C.36)
[JAC , SCD] = ηACSBD − ηBCSAD + ηADSBC − ηDBSAC , (C.37)
[SAB, SCD] = α (ηACJBD + ηBCJAD + ηBDJAC + ηADJBC) , (C.38)
and defining the following D-dimensional generators (the normalizations are chosen to reproduce
the algebra studied in [20] in the H → 0 limit),
J(D+1)µ ≡ Hˆ−1Pˆµ, S(D+1)(D+1) ≡
D
D + 1
H−1Cˆ, (C.39)
S(D+1)µ ≡ −Bˆµ, Sµν ≡ Sˆ(µν)T −
1
D + 1
H−1ηµνCˆ, (C.40)
we can write this algebra in D-dimensional language,
[Pˆµ, C] = −2(D + 1)
D
H2Bˆµ, [Pˆµ, Bˆν ] = ηµνC −H2Sˆµν , (C.41)
[Pˆµ, Sˆνρ] = ηµνBˆρ + ηµρBˆν − 2
D
ηνρBˆµ, [Jµν , Bˆρ] = ηµρBˆν − ηνρBˆµ, (C.42)
[Jµν , Sˆρσ] = ηµρSˆνσ − ηνρSˆµσ + ηµσSˆνρ − ηνσSˆµρ, (C.43)
[Bˆµ, C] = α
2(D + 1)
D
H2Pˆµ, [Bˆµ, Bˆν ] = αH
2Jµν ,
[Bˆµ, Sˆνρ] = −α
(
ηµνPˆρ + ηµρPˆν − 2ηνρPˆµ/D
)
, (C.44)
[Sˆµν , Sˆρσ] = α (ηµρJνσ + ηνρJµσ + ηνσJµρ + ηµσJνρ) , (C.45)
and with the commutators between Pµ and Jµν the same as in (C.6). The coset construction
proceeds by nonlinearly-realizing the symmetries generated by Cˆ, Bˆµ, Sˆµν . We can accomplish this
by parametrizing the coset as
g = ey·Pˆ eφCˆeξ·BˆeA·Sˆ . (C.46)
Ultimately, we want an action for only the scalar degree of freedom; we see from the algebra that
there are possible inverse Higgs constraints which eliminate the vector, ξµ, and symmetric traceless
tensor, Aµν , in terms of φ.
Abelian Maurer–Cartan form
We focus on the abelian theory, where the symmetries act on the field as
δΦ = SABX
AXB. (C.47)
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The Maurer–Cartan form is given by:
ω = dxµeαµPˆα + (dφ+ ξµdx
µ) Cˆ +
(
d(∇)ξµ + 2dxνAµν − 2H2
(
D + 1
D
)
φ dxµ
)
Bˆµ
+
(
d(∇)Aµν −H2dxµξν
)
Sˆµν , (C.48)
where all indices are raised and lowered with the dS metric and we have changed to stereographic
coordinates as in the k = 1 case. Everything is covariant, so we can work in an arbitrary slicing.
There are many possible ways of imposing inverse Higgs constraints, but we are interested in
scalar actions which nonlinearly realize the relevant symmetries, so we want to remove ξµ and Aµν
in favor of φ. This can be achieved by imposing the inverse Higgs constraints
ωµ
Bˆ
= ωCˆ = 0. (C.49)
In solving for Aµν , we have to take into account that it is traceless, so we only have to set the
traceless part of ωµ
Bˆ
to zero. Solving both of these constraints leads to
ξµ = −∇µφ, Aµν = 1
2
∇(µ∇ν)T φ. (C.50)
Inserting this back into the Maurer–Cartan form, we find that the remaining building blocks are
ωµ
Pˆ
= eµαdx
α, (C.51)
ωµ
Bˆ
= −dxµ 1
D
(
+ 2(D + 1)H2
)
φ, (C.52)
ωµν
Sˆ
= dxα
(
1
2
∇α∇(µ∇ν)T φ+H2δ(µα ∇ν)T φ
)
, (C.53)
where all indices should be raised and lowered with the dS metric. Note that the ωB building
block is the k = 2 linear equation of motion, which is exactly invariant under the symmetries. The
3-index tensor appearing in ωS looks superficially different from (4.31), but we can write
1
2
∇α∇(µ∇ν)T φ+H2gα(µ∇ν)T φ =
1
2
Φ(2)αµν −
1
2D
gµν∇α
(
+ 2(D + 1)H2
)
φ. (C.54)
So we see that we can use the invariant objects
Φ(2)µνρ =
(∇(µ∇ν∇ρ) + 4H2g(µν∇ρ))φ, (C.55)
Φ(2) =
(
+ 2(D + 1)H2
)
φ, (C.56)
to construction actions exactly invariant under the symmetries (C.47). It is possible that there
are ghostly Wess–Zumino terms with fewer derivatives than naively expected and which are in-
variant under the linear symmetries only up to a total derivative. We have not searched for them
systematically, but it would be interesting to classify these for all of the abelian shift-symmetric
scalars.
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D Higher-order conformal scalars
In this appendix we discuss a relation between the shift-symmetric scalar theories (2.1) and higher-
order conformal scalars in even dimensions.
Consider a free scalar on flat space, with the 2nth order Lagrangian L ∼ φnφ. This is confor-
mally invariant on flat space, and the field φ has conformal dimension ∆ = D2 − n. We would like
to conformally couple this CFT to a background metric gµν so that the resulting theory is Weyl
invariant with the appropriate conformal weight,
gµν 7→ e2σ(x)gµν , φ 7→ e−∆σ(x)φ, ∆ = D
2
− n, (D.1)
for an arbitrary scalar function σ(x).
This conformal coupling to the metric can be achieved by replacing the free Klein–Gordon opera-
tor  with the covariant one and then adding lower-derivative terms proportional to the background
curvatures, ∫
dDxφnφ→
∫
dDx
√
|g| (φnφ+ curvature terms) , (D.2)
in such a way that the action is Weyl invariant. This Weyl invariance uniquely fixes the lower-
derivative curvature terms and can be achieved in all cases except the low even dimensions D =
2, 4, . . . , 2n− 2. The scalar equations of motion give conformally covariant operators known as the
GJMS operators [97], Pn[g], which are the unique operators of order 2n that reduce to n in flat
space and which are covariant under the Weyl transformations
Pn[e
2σg]
(
e−∆σφ
)
= e−(∆+2n)σPn[g]φ. (D.3)
For D = 2, 4, . . . , 2n− 2, the curvature terms become singular, so the GJMS operators do not exist
and the CFT cannot be coupled to a metric in a Weyl-invariant manner [98, 99].
The general expressions for the curvature terms are complicated [100–102], but in the case where
the background metric is maximally symmetric, the action can be written in a simple factorized
form [103] ∫
dDxφnφ→
∫
dDx
√−g φ
n∏
l=1
[
−H2
(
D
2
− l
)(
D
2
+ l − 1
)]
φ. (D.4)
Some general properties are discussed in [100–102, 104–106]. In low even dimensionsD = 2, 4, . . . , 2n−
2, the action (D.4) is non-singular. Even though the general expression is singular in these dimen-
sions, the singularities cancel upon using the maximal symmetry condition.
We see from the factorized form that when H2 6= 0 the action (D.4) describes n propagating
scalars with masses
m2l = H
2
(
D
2
− l
)(
D
2
+ l − 1
)
. (D.5)
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Comparing to (2.2), we see that in D = 2 this contains the first n of the shift-symmetric scalars.
In D = 4, it contains the first n− 1 of the shift-symmetric scalars, along with the conformal scalar
with mass m2 = 2H2. For D ≥ 6 with D even, we get the first n+ 1−D/2 shift-symmetric scalars
along with the conformal scalar and more massive scalars. For D odd, the spectra do not contain
any of the shift-symmetric scalars. This connection in D = 4 was noted in Appendix A.2 of [52].
E Massive spin-3 decoupling limits
We have seen that shift-symmetric fields appear as longitudinal components of higher-spin fields
at PM points. The massive spin-2 case was discussed in Section 3. In this appendix, we discuss
the next simplest case of a free massive spin-3 field. This case has two novelties compared to the
massive spin-2 case: there are two PM decoupling limits, and for one of these the longitudinal
mode is a vector, instead of a scalar. A free massive spin-3 field in (A)dS space is described by the
Lagrangian
Ls=3m2 =−
1
2
∇µbναβ∇µbναβ + 3
2
∇µbµαβ∇νbναβ − 3∇µb ανα ∇βbβµν +
3
2
∇µb ανα ∇µbνββ +
3
4
∇µbµαα∇νbνββ
− 1
2
m2
(
bµναb
µνα − 3b αµα bµββ
)
− 3(D − 2)
2D
mh∇µbµνν +
3(D − 2)(D − 1)
2D2
(∇h)2 + 9
4
m2h2
+
(D − 1)H2
2
(
D − 3
D − 1bµνρb
µνρ − 6b αµα bµββ − 9h2
)
, (E.1)
where bµνρ is a symmetric tensor describing the spin-3 particle and h is an auxiliary scalar field. The
auxiliary field vanishes on shell, but it is needed to impose the constraints that bµνρ is transverse and
traceless. This Lagrangian can be obtained, for example, by radial dimensional reduction [64, 96].
There are three special masses for which the Lagrangian (E.1) develops a gauge symmetry,
corresponding to the different PM depths, t:
• t = 2, m = 0: This is the massless theory. At this point, the auxiliary scalar h completely
decouples from bµνρ and the action for bµνρ is invariant under the gauge symmetry
δbµνρ = ∇(µΛνρ) , (E.2)
where the gauge parameter Λµν is symmetric and traceless. The action for bµνρ is therefore
that of a Fronsdal field and it propagates only the helicity-3 modes. The gauge symmetry
removes the 0, ±1, and ±2 helicity modes.
• t = 1, m2 = DH2: At this PM point the action develops a gauge symmetry with a vector
gauge parameter, ξµ,
23
δbµνρ = ∇(µ∇νξρ) −
1
D
g(µν∇ρ)∇αξα +H2g(µνξρ) , (E.3)
δh = −1
3
√
DH2∇µξµ . (E.4)
23This gauge symmetry involves a square root of H2, so to keep the Lagrangian real we must replace h→ ih when
we send H2 → −L−2.
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This gauge symmetry removes the 0 and ±1 helicity components of bµνρ, leaving propagating
±2, and ±3 helicities.
• t = 0, m2 = 2(D − 1)H2: At this PM point, the action develops a scalar gauge symmetry
δbµνρ = ∇(µ∇ν∇ρ)χ−
1
D
g(µν∇ρ)χ+
2(D − 1)H2
D
g(µν∇ρ)χ , (E.5)
δh = −1
3
√
2(D − 1)H2
(
+ 2(D + 1)H2
)
χ. (E.6)
This removes the helicity-0 polarization, leaving propagating ±1, ±2, and ±3 helicities.
As the mass of a spin-3 field approaches each of these distinguished points, we can define a decou-
pling limit that makes manifest the branching of the massive (A)dS representation. The massless
decoupling limit was studied in [65], so here we concentrate on the two PM decoupling limits.
t = 0 decoupling limit
For s = 3 and t = 0, the branching rule (3.18) becomes
(∆, 3) −−−−−→
∆→d−1
(d− 1, 3)⊕ (d+ 2, 0), (E.7)
which corresponds to a massive spin-3 field splitting into a t = 0 PM spin-3 field and a scalar with
mass
m2 = −2(D + 1)H2. (E.8)
We now verify this from the free Lagrangian. As we approach the mass m2 = 2(D − 1)H2, the
scalar mode is decoupling, so we need to introduce a scalar Stu¨ckelberg field. The Stu¨ckelberg field
is introduced by field replacements patterned after the gauge symmetries (E.5) and (E.6),
bµνρ 7→ bµνρ + 1

√
2H4(D2 − 1)
(
∇(µ∇ν∇ρ)φ−
1
D
g(µν∇ρ)φ+
2(D − 1)H2
D
g(µν∇ρ)φ
)
, (E.9)
h 7→ h− 1
3
√
H2(D + 1)
(
+ 2(D + 1)H2
)
φ, (E.10)
where the normalization has been chosen to canonically normalize φ and  parametrizes the devia-
tion from the PM mass,
2 ≡ m2 − 2(D − 1)H2. (E.11)
After substituting the Stu¨ckelberg replacements (E.9), (E.10), and taking the  → 0 limit, the
Lagrangian splits into the Lagrangians for a t = 0 PM field and a scalar,
Ls=3m2 −−−−−−−−−−→
m2→2(D−1)H2
Ls=32(D−1)H2 −
1
2
(∂φ)2 + (D + 1)H2φ2. (E.12)
The scalar field has the mass (E.8), precisely as expected.
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t = 1 decoupling limit
We now repeat the above exercise for the t = 1 decoupling limit. The branching rule (3.18) for this
case is
(∆, 3) −−−→
∆→d
(d, 3)⊕ (d+ 2, 1), (E.13)
which corresponds to a massive spin-3 field splitting into a t = 1 PM spin-3 field and a vector with
mass
m2 = −3DH2. (E.14)
To see this from the Lagrangian, we introduce a vector Stu¨ckelberg field as in (E.3) and (E.4),
bµνρ 7→ bµνρ + 1

√
H2(D + 1)/3
(
∇(µ∇νAρ) −
1
D
g(µν∇ρ)∇αAα +H2g(µνAρ)
)
, (E.15)
h 7→ h− 1

√
D
3(D + 1)
∇µAµ , (E.16)
where  measures the distance from the PM point
2 ≡ m2 −DH2. (E.17)
Substituting the Stu¨ckelberg replacements and taking the decoupling limit  → 0, the free La-
grangian splits into a t = 0 PM field and a vector,
Ls=3m2 −−−−−−→
m2→DH2
Ls=3DH2 −
1
4
F 2µν +
3DH2
2
AµA
µ. (E.18)
The vector field has the mass (E.14), precisely as expected.
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